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Abstract

Metallic glasses are a unique class of materials with exceptional mechanical properties, including high
strength, excellent corrosion resistance, and significant elasticity. These materials display intriguing dy-
namical relaxation processes, which influence their mechanical and thermal properties. Understanding the
dynamical relaxations in metallic glasses is crucial for optimizing their performance in various applications.
Due to the limitations of experimental techniques to access processes at the atomic level, the detailed
mechanisms responsible for the dynamical relaxations cannot be easily probed experimentally. Numerical
simulations are good candidates to analyze in depth the elementary dynamical processes at the atomic scale
and thus to capture the fundamental origin of dynamical relaxations. The development of computing power
in the last decades has allowed researchers to reach an enormous advancement in the understanding of the
physical mechanisms behind dynamical relaxations in metallic glasses.

This review provides a brief overview of the current state of research in numerical simulations of dynam-
ical relaxations in metallic glasses, highlighting key methodologies, significant findings, ongoing challenges,
and future directions. By synthesizing current research, this review emphasizes the importance of these
simulations in improving the design and processing of metallic glasses for a wide range of applications, from

structural materials to high-performance components.

I. INTRODUCTION

Metallic glasses (MGs) represent a fascinating class of materials with remarkable structural and
mechanical properties due to the absence of long-range order, such as high toughness, exceptional
mechanical strength, elastic deformation almost ten times larger than their crystalline counterparts
and high corrosion resistance, making them a subject of study since the 90s [1-5]. For these reasons
they are candidate materials in various areas, e.g. for micro-electromechanical systems [6], biomed-
ical equipmentapplications [7], and as solar wind collectors [8] and spacecraft shielding [9], as well
as for sport equipment. Due to their structural amorphousness MGs display a very complex dy-
namical and mechanical behavior, starting from the glass formation processup to their deformation
mechanisms. The Achilles” heel of these materials is their low ductility at room temperature, which
severely hinders their application as structural materials [10,11]. Understanding and controling the
brittle behavior and the lack of plasticity of MGs is one of the main challenges of the research on
MGs [12]. Unlike crystalline solids, where plasticity can be described by the motion of dislocations,
the elementary mechanisms of plasticity in MGs, and more generally in amorphous materials, are
not completely established yet. One possible basic brick to understand the plasticity in glasses is

the Shear Transformation (ST) or Shear Transformation Zone (STZ) concept [13], corresponding to
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theregion where irreversible atomic rearrangements take place, and possibly explaining the shear



banding phenomenon [14] leading to the catastrophic failure of glass materials. At the same time,
plasticity in MGs is intrinsically linked to the disordered nature of glasses and to their relaxation
behavior [15]. In fact, MGs are metastable, thermodynamically out-of-equilibrium structures, and
their energy state is highly determined by the cooling history. Structural relaxation phenomena
occur when the glass evolves from a high-energy to alower-energy state [16]. A comprehensive un-
derstanding of these relaxation processes is essential for determining from a fundamental point of
view therelationship between the glass dynamicsand plasticity, and forimproving the performance

and reliability of MGs in practical applications.

So far, the mechanical properties and the dynamical relaxations of MGs have been studied by
experimental techniques to a certain extent [3, 16-18]. However, experimental methods often face
severe limitations for probing the atomistic mechanisms at the origin of plasticity and relaxation
behavior, and to deeply understand phenomena such as shear banding, and the relationship between
thelocal atomic structure and the observed mechanical behavior. In parallel, the computing power
has enormously developed in the last decades, and consequently numerical simulations have emerged
as a critical tool for investigating the properties of metallic glasses, providing insights into atomic-

scale dynamics, mechanical response, and local structural features [19-21].

This review aims to summarize the current state of the art in numerical simulations of dy-
namical relaxations in metallic glasses, though in a non exhaustive manner, focusing on relevant

methodologies, significant findings, challenges and future directions.

The paperisorganized asfollows. Sec. Il provides some basicfeatures and generalities of dynam-
ical relaxations, emphasizing the unsolved issues and the limitations of experimental techniques to
deeply investigate in detail the mechanisms at the origin of the different relaxation modes. Sec. III
presents a very general overview of the main numerical methods used to study the dynamic pro-
cesses and the structural heterogeneities in MGs, with a focus on the advantages and limitations
of each technique. In Sec. IV, we summarize the key findings related to the dynamical relaxations,
dynamical heterogeneities and viscoelastic behavior of MGs obtained by numerical simulations,
highlighting their role to unravel the atomic-scale mechanisms governing the dynamical relaxations
and to visualize the atomic dynamics, which are not accessible by experimental techniques. Sec. V
is devoted to the conclusions and to the future perspectives opened by the use of numerical sim-
ulations to deeply investigate issues related to dynamical relaxations in MGs, paving the way for

enhanced design in current applications.



II. GENERALITIES ON DYNAMICAL RELAXATIONS

MG:s, as other amorphous materials, are characterized by a complex structural dynamics. Since
MGs are metastable structures, their energetic state is determined by the thermo-mechanical his-
tory to which they are subjected. In particular, the cooling rate is an important parameter that
influences the structure and energy level of a MG. When a MG is prepared in a high-energy state it
can easily jump to a lower-energy state, and this phenomenon is called relaxation. Relaxation is a
consequence of the disordered structure of a glass, lacking long-range atomic order. Forexample, in
a crystal with dislocations or grain boundaries some weak relaxation modes can be observed. Since
the atomic structure of the glass is highly disordered, we expect that its relaxation dynamics will be
much more complex and intriguing than that of a crystalline system [22]. Moreover, the relaxation
dynamics provides us with a direct link to the local atomic structure of the glass, thus studying
the relaxation dynamics allows to probe the structural features of glasses. Relaxation is a conse-
quence of the atomic dynamic behavior and can be activated by external stimuli such as applied
stress or temperature change [17, 23], giving rise to mechanical or structural relaxation [17, 24, 25].
Relaxation can in principle also happen spontaneously, but this phenomenon called aging usually
occurs on very long times scales of months or even years. MGs show complex relaxation dynamics,
characterized by atomic processes responsible for different relaxation modes, and extending over a
widerange of temperatures and frequencies [23, 25-27]. One of the main approaches to investigate
the dynamical relaxations of MGs is to study their mechanical relaxation behavior, namely the
response of the system to an external perturbation, such as an imposed deformation or an exter-
nal stress [28, 29]. MGs represent a benchmark system in this respect, because they have more
symmetric and less localized interactions with respect to other glasses, such as silica for instance,
characterized by stronger localized bonding. In mechanical relaxation experiments the stress ois
monitored as a result of an imposed strain ¢, and following the theory of viscoelasticity, the time or
frequency dependence of the elastic modulus M = /e can be obtained. In particular, in the time

domain
M(6) = (Aod(e) + or)/e, (1)

where Ao represents the stress decay during relaxation, or the remnant stress and ¢(¢) is the
relaxation function. An example of mechanical relaxation technique is the Dynamical Mechanical
Spectroscopy (DMS), which is an effective tool to probe the relaxation behavior due to its wide

applicability and sensitivity to detect the atomic dynamics [24]. During a DMS test a sinusoidal



strain with amplitude €4 and angular frequency  of the form ¢ = ea sin(wt) is applied to the
system and the resulting stress ¢ = oa Sin(wt + J) is measured, where g4 is the stress amplitude

and ¢ is the phase shift. From these quantities the complex elastic modulus M" (@) can be obtained
as

M*(w) = (0a/ca)(cosd+isind) =M (o) +iM (o) )

where M () and M (o) are called dynamic moduli and represent the storage and loss modulus
respectively. The storage modulus is related to the energy that is stored and released in one
loading cycle and is of purely elastic origin, while the loss modulus is proportional to the energy
dissipated in one cycle due to viscosity or phase transitions. Thus, DMS can completely characterize
the viscoelastic behavior of the material. The dynamic moduli are often combined in one single

variable called internal friction or loss factor:
tan 6= M /M 3)

In Fast Scanning Calorimetry experiments the dynamical moduli are studied as a function of tem-
perature variation in order to identify the characteristic temperatures where relaxations occur
(thermally activated relaxations). The relaxation modes that are usually observed in MGs are the
a, or main relaxation, and the f, or secondary relaxation. These two processes are associated to dif-
ferent kinds of atomic rearrangements leading to different dynamical relaxations. The a relaxation
isalarge-scale structural rearrangement, which usually exists in supercooled liquids, above T, and
becomes frozen below Tg. When the supercooled liquid is cooled approaching 7y the dynamics
becomes very sluggish and the a relaxation time 7 can increase by many orders of magnitude
when the temperature just decreases by few degrees near 7y from above. In fact, the relaxation
function ¢(¢) for a supercooled liquid near 7y does not follow an exponential decay as in a clas-
sical liquid, but a stretched exponential behavior ¢(f) ~ exp[(—#/z4)f], where f is the stretching
exponent smaller than 1 for most glass-formers, indicating the dynamics is slower than that of a
liquid [30]. Interestingly, 74(7") follows a VFT law for an equilibrium supercooled liquid near 7y,
and is described by an Arrhenius behavior in the glassy region far below 7y, where the glass is
out of equilibrium [28, 31]. When the glass is cooled below 7 another dynamical relaxation mode,
called g relaxation, starts to appear, becoming dominant when temperature is further decreased.
Unlike the a relaxation, the f relaxation is associated to local structural rearrangements and does
not strongly depend on temperature. The features of dynamical relaxations can be represented by

two distinct peaks in the DMS spectra as a function of temperature, as it can be seen for example
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FIG. 1. Temperature-dependence of storage and loss moduli for Lags.sNi1eAl14Co1.s MG. The a and f

relaxation peaks are clearly visible. Reprinted with permission from Ref. [25], copyright (2014).

in Fig. 1 where the a peak is located at a high temperature, close to 7y, while the f peak occurs
at lower temperatures, usually of the order of 0.7 — 0.97; for most MGs. The a relaxation peak
occursoverawiderange of frequencies, depending on the temperature of thesample, typically from
107" to 10’ Hz. As shown in Fig. 2, the o peak shifts to higher temperatures when the frequency
increases, and the frequency scales with the exponential of the inverse of the temperature of the
a peak. It is worth noticing that while the main « relaxation peak is observed in all MGs, the
S relaxation does not occur in the same way in all MGs: sometimes the f peak is not observed,
or alternatively only an excess wing can be seen in the DMS spectra, and sometimes it is hardly
visible. The conditions by which the f relaxation manifests itself in MGs is one of the main puzzles

related to the physics of MGs and has been the subject of different works [24, 25, 32-35].

Compared to the arelaxation, f relaxation demonstrates low amplitude but a more comprehen-
sive temperature range which indicates its wide distribution of relaxation times. Different studies
suggest that these two relaxation modes are not completely independent and that for example S
relaxation acts as a precursor of a relaxation in some situations [16, 36-39]. In fact, when tem-
perature increases close to 7y, the § relaxation wing gradually merges into the a relaxation peak.
manifesting the connection between the two types of dynamic behaviors. In the perspective of the
potential energy landscape, the f relaxation corresponds to small scale hopping events between
neighboring energy minima, while the arelaxationis associated to configurational transitions from
one megabasin to another [24, 40], as illustrated in Fig. 3. Unlike the large-scale collective rear-
rangements occurring during the a relaxation, the f relaxation is associated with local structural

atomic motion, as depicted in Fig. 4(b)-(c). The mystery of § relaxation has not been totally

/
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FIG. 2. Temperature dependence of the loss modulus for Ceo.2Lag.sAl10Cu20Co2 MG showing the a relax-

ation peak for different frequencies. The inset is a plot of the frequency vs. the a peak temperature with

an Arrhenius fit. Reprinted with permission from Ref. [24], copyright (2013).
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FIG. 3. Schematic representation of the § and a relaxations in the potential energy landscape. Reprinted

with permission from Ref. [41], copyright (2015).

unveiled, although recent studies have identified its basic mechanism and its correlation with the
a relaxation [22]. It has been shown that f relaxation has a close correlation with other dynamic
processes in MGs and that can be of primary importance to understand the structural and me-
chanical characteristics of MGs [12, 32, 33, 43, 44]. The relaxation process and characteristics are
highly affected by the structural nature of the glass materials and in particular by the chemical
composition, as first pointed out by Wang for La-based MGs [45]. Yu et al. [46] proposed that f

relaxation is associated with regions where all the atomic pairs have large similar negative values

8



Thermal agitation

a Fast B’ relaxation b Slow f relaxation c o. Relaxation
PRI TS
AP S o

v

> \

-
OO
O

LR
R L b
OOOOIOAT

AL X L .k.l.’.tut ‘3 ot
Saas oo“n- ’.O‘oo
\)

.
s et
el

~
as

e

‘. S,

ey

oy

LI

g™

..

e

o

) .

» 0> % 40 MO O
N S8 an et fanaa¥ani s

FIG. 4. Pictorial atomic mechanisms associated to the different relaxation modes: (a) the fast §’ relaxation
is due to local non-affine atomic displacements; (b) the slow S relaxation is associated to local structural
rearrangements; (c) the a relaxation is characterized by the percolation of local relaxations spanning the

entire system. Reprinted with permission from Ref. [42], copyright (2015).

of mixing enthalpy. Additionally, the effect of atomic pairs on the relaxation behavior is not only
determined by their atomic properties, but also depends on their specific chemical environments
and interactions with other atoms [24, 46]. Furthermore, Huang et al. remarked that a more pro-
nounced f relaxation peak occurs when the boson peak, e.g. the excess of vibrational density of
states, is stronger [47]. The cooling process of the glass material, as well as the aging history, also
plays an essential role in the relaxation dynamies. For example, slow quenching can make the glass
more stable than the fast quenched system hence reducing the intensity of f relaxation in MGs,
even if it can never totally suppress the relaxation [24, 48]. Works by Yu et al. [24] and Rodney and
Schuh [49] showed that the activation energy of the f relaxation is equivalent to the energy barrier
of a Shear Transformation Zone (STZ), i.e. an elementary plastic rearrangement, indicating a close
correlation between this relaxation mode and plasticity, or inhomogeneous local atomic motion, in
MGs. Thus, to a certain extent, the deformation mechanisms of MGs can be altered by controlling
the f relaxation. The modulation of the f relaxation can tailor the structural inhomogeneities
of the MGs and tune the macroscopic flow, eventually enhancing ductility [17]. Generally, the
relaxation can be modulated by designing optimal compositions of MGs, by changing the cooling
rate and by applying a non-affine strain to the system [33, 50-52]. For instance, in the La-based
MG with a proper addition of Ni and Al a strong f relaxation peak is observed compared to a tra-
ditional Cu-based MG, as shown in Fig. 5. As it can be seen in the mechanical stress-strain curves
in Fig. 6, the La-based glass has a better tensile plasticity, while the behavior of the Cu-based MG

is more brittle.
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FIG. 5. Temperature dependence of loss modulus for two different MGs. In the La-based MG the f
relaxation is much more pronounced than in the Cu-based MG. Reprinted with permission from Ref. [53],

copyright (2014).
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FIG. 6. Stress-strain curve for two different MGs. While the La-based MG overcomes the yield stress, the
behavior of the Cu-based is more brittle. Reprinted with permission from Ref. [53], copyright (2014).

Beyond the significant primary « of secondary g relaxations, a third relaxation mode, called
fast f relaxation, or §’ or y relaxation was observed very recently [42, 54-57]. This process occurs
at very low temperatures, in the range of 0.2-0.3 7; and it can be seen as an extra small peak in
the DMS spectra, as for example in Fig. 7, with a lower activation energy than that for the slow g
relaxation. Itis generally believed thatitis associated to a non-affine atomic rearrangement arising
from atomic-level thermal stress generated during cooling [57], as pictorially illustrated in Fig. 4(a).
However, the underlying physical mechanisms of this process remain unclear and further analysis

has to be done in order to have a deeper understanding of this relaxation mode.
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FIG. 7. Temperature dependence of normalized loss modulus for ZrsgsCuis.eNit2.8Al103Nb2s where

three different relaxation modes can be observed. The inset shows a zoom of the storage and loss moduli
in the temperature region of the y relaxation mode. Reprinted with permission from Ref. [57], copyright

(2017).

IIT. NUMERICAL SIMULATION METHODS

Different simulation techniques are used to study materials” properties, depending on the relevant
time and length scales on which the phenomena of interest are probed. In this section we introduce
two basic simulation methods used to investigate the structure and the dynamical relaxations, as

well as the mechanical behavior of MGs, namely Molecular Dynamics (MD) and Monte Carlo (MC).

A. Molecular Dynamics simulations

MD is a widespread technique to study the mechanical behavior of MGs and glasses in general
since it can shed light on the atomic structure and on the atomistic processes responsible for the

mechanical behavior of MGs, which cannot be entirely probed by experimental techniques [19].

1. General principles

MD is a computational method that can simulate the time-dependent behavior of particles and
generate atomic positions and velocities by numerically solving the Newton’s equations with given
initial conditions [58, 59]. In this sense, MD is a deterministic technique and the dynamic process
has a time-reversal symmetry [60]. In order to integrate the equations of motions an interaction
potential between the particles has to be specified in order to obtain the interatomic forces used in

the Newton’s equations. The choice of a proper interatomic potential that can reliably describe the
11



structure and the physical properties of the systemis one of the main challenges of MD simulations,
as explained in more detail in Sec. III A 2. In general, the accuracy of MD simulations depends on
the initial configuration, on the value of the integration timestep (usually of the order of 1 fs) and

on the interatomic potential energy.

Since MD simulations focus on microscopic quantities (positions and velocities of particles), itis
useful to define a Gibbs ensemble in order to predict the macroscopic properties of a large system
based on the average of a large number of possible microstates. Depending on the experimental
conditions of interest, a relevant ensemble should be defined. For example, an isolated system
corresponds to the microcanonical ensemble (NVE). However, an isolated system does not always
mimic practical experimental conditions: in experiments the system is either in contact with a
heat bath or has an imposed pressure or both. Thus, a closed isothermal system correponds to
the canonical ensemble (NVT) or to the isothermal-isobaric ensemble (NPT) [61]. Typically used
thermostats and barostats in MD are those of Nosé-Hoover, consisting in adjusting the atomic
velocities to reach a target temperature for the thermostat [62], and to adjust the system volume

to reach a target constant pressure for the barostat [58].

2. Interatomic potentials

One of the indispensable parts of classical MD simulations is the potential energy describing the
interaction between particles in the system [63]. While in ab-initio MD simulations the interatomic
interactions are based on first-principle calculations, classical MD simulations rely on empirical
interatomic potentials describing the interactions between the atoms. Many studies of metallic
glasseshaveused simple pair potentials such as the Lennard-Jones potential [64-66]. In spite of their
simplicity, the simulations based on these potentials can provide significant insight on some physical
properties of the glass transition and on the relaxation behavior [67]. However, pair potentials have
intrinsic limitations when applied to metallic systems. For example, systems described with pair
potentials always satisfy the Cauchy relation C. = Ci between elastic constants, whereas metallic
systems typically strongly disobey the Cauchy relation [68]. In addition, pair potentials cannot
describe the volume dependency of potential energy, which is known to be important in metallic
systems [69]. Thus, itis essential toinclude many-body interactions to study the relaxation behavior
of metals and metal alloys in a more realistic way. A commonly used interatomic potential for MGs

is the Embedded Atom Method (EAM) potential [70]. In this model the total energy Ui of atom i

12



is given by
X 1 X
U=Fo  P(y) T Paplry) )
Ji Joi
where a and f are the atom types, F is the embedding function, i.e. the energy to place atom
i of type a in the electronic cloud of the other atoms described by the electronic density p, and
® is a pair-wise potential function. Usually the sum in the Eq. (4) is performed on all atoms
located within a cutoff radius r¢, assuming a zero energy when the distance between two atoms
exceeds rc. The parameters F, p and @ are optimized for a given material in order to match
with experimentally measurable properties, such as density, lattice parameters, elastic constants,
cohesive energy, melting point, bulk modulus etc., or in some cases with properties that can be
obtained by ab-initio MD simulations. A widely used parametrization of the EAM is given by the
Mendelev potential [71], which is employed for instance for the CuZr binary alloy, a prototypical
material model studied by MD simulations for its simplicity. Another type of multi-body potential
is represented by the Sutton-Chen (SC) potential, which is a long-range Finnis-Sinclair potential

with a simple power law form:
U = 1 IZ:
ho2
JEI
where V (rjj) = (a/rij)" is a repulsive pair potential between atoms i and j due to Pauli’s repulsion

1/2
GV (ry) —ciei b 5)

between electronic clouds, pi = by je=iauj/ri)" is a local energy density of atom 7, € sets the overall
energy scale, ¢; is a dimensionless parameter and « is a typical length parameter. As for the
EAM potential, the parameters of the SC potential can be optimized to reproduce experimental
properties [72] or can be obtained by fitting the results of first-principle ab-initio calculations. For
example, Landa et al. proposed a parametrization of the empirical many-body SC potential for
Pb-Bi and Pb-Ni systems using both experimental data and physical quantities derived by ab-initio
calculations [73], and Faruq et al. used first-principle calculations to fit the SC potentials for the
Pd-Si system [74] . Finally, the Second-Moment Approximation of the Tight-Binding scheme (TB-
SMA) is an empirical interatomic potential vastly employed in the literature for metallic systems,
especially for transition-metal alloys. In this model, the potential energy of atom i, U; is written

as the sum of a repulsive term, Ujr and an attractive term Uj s:

U=Ur+Us (6)
where |
(]I,R = X Aap exXp  —pap Ka% —1 (7)
J o
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and

X . 1 12
— éaﬁ

Uis = )
j
a and f are atom types, 7% is the first-neighbor distance, ggaﬁ is an effective hopping integral, Aqs

is a constant depending on the experimental values and pqg is related to the compressibility of the
bulk material. TB-SMA potential has been used to simulate the glass-forming ability of binary
Ti-Co alloys [75], the dynamic properties of PdAuPt ternary nanoparticles [76], the mechanical
properties of CuZrTi MGs [77], and the structure and glass-forming ability of CuZrCo MGs [78].
The parameters of the TB-SMA potential for these systems were optimized and adjusted by Cleri
and Rosato to reproduce cohesive energy, density and elastic constants of the real systems [79].
We further notice that while the number of parameters in the empirical potentials used to
describe binary alloys are rather limited, as soon as the number of elements starts to increase the
description of the interatomic interactions between different pairs of elements become increasingly
complex since the number of parameters that have to be optimized scales with the square of the
number of elements [80]. Moreover, a given parametrization of an interatomic potential is often
developed for a certain range of temperatures and pressures and for a given glass composition, so

that the transferibility to other experimental conditions is not always guaranteed [81].

3. Molecular Dynamics for DMS

In order to perform MD simulations of DMS to study dynamical relaxation in metallic glasses,
first a metallic glass structure has to be created. One of the most common methods to prepare a
glass by MD s the melt-quenching process thatreproducesinacomputer experiment thereal exper-
imental process of glass preparation [82], schematically illustrated in Fig. 8. Once the interatomic
potential and the simulation box dimensions have been chosen, usually imposing periodic boundary
conditions (PBC) to simulate a bulk sample, the first step is to prepare an initial configuration, for
example a crystalline structure if the crystal with the same composition as that of the glass exists,
or alternatively a random distribution of atoms [61]. The number of atoms and the box dimensions
are sually chosen to match the experimental density of the glass. Then, the initial configuration is
heated up to high temperature Thign (higher than the melting point) in order to completely melt it.
At this point, the system is stabilized for a certain annealing time in order to equilibrate the liquid
sample. After this equilibration time, the sampleis cooled down with a constant cooling rate up to

alow temperature Tjow. The cooling process can be performed in the NVT or in the NPT ensemble,
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FIG. 8. Scheme of a melt-quenching simulation. The initial configuration is heated up to high temperature,

equilibrated at this temperature, then cooled down at low temperature and relaxed at this temperature.

the latter being closer to the experimental procedure of glass preparation. Typical values of cooling
rates used in MD simulations are between 10° and 10" K/s, much larger than the experimental
cooling rates. The system is then relaxed at the temperature Tjow for a certain time (usually few ns
are enough) in order to create a stable glass structure. It is possible to estimate the glass transition
temperature 7Ty by plotting the evolution of the internal energy, or the enthalpy, or the volume of
the simulation box as a function of temperature during the cooling process, and identifying the
point where the slope of the curve drastically changes. If the potential energy is monitored as a
function of time a plateau reached during the relaxation signals that the glass structure is well
stabilized. Furthermore, some structural analysis, including coordination number, pair distribution
function or structure factor, can be useful to asses the amorphous character of the glass [58, 83].
In order to achieve a statistically well relaxed glass structure, sometimes it is useful to perform the
melt-quenching procedure several times, and average the results obtained by different simulations.
In order to simulate DMS by MD at different temperatures the glass is first heated at the target
temperature and then isothermally equilibrated at this temperature and with zero pressure for few
nanoseconds [25, 84, 85]. Then, an oscillatory strain of the form exx = €a sin(wt), where o = 27/Ty
(Tw being the period of the applied strain) is applied for instance in the x direction. The amplitude
€a has to be small enough to ensure that the glass remains in the elastic regime, but not too small
to prevent a too low signal-to-noise ratio. Typically, €a ~ 1% is an optimal value. Different loading
conditions can be applied, for example constant-volume, uniaxial, longitudinal or isostatic deforma-
tion [86]. The resulting stress oxx in the x direction is monitored and fitted by a sinusoidal function,
oxx = oo + oa Sin(wt + J), where oo is a small offset used to increase the numerical accuracy of the
fit. The dynamic moduli and the loss factor are then obtained by Egs. (2) and (3). Several cycles
are often performed to obtain a more accurate estimation of the dynamic moduli. Fig. 9 shows an

example of a DMS cycle where a sinusoidal strainis applied under constant-volume conditions and
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FIG. 9. Applied sinusoidal strain with amplitude of 2.5% and frequency 10 GHz, and resulting measured
stress for a constant volume deformation implemented by MD simulations of DMS at 800 K for CussZr3s.

The inset shows an atomic configuration with a scheme of the loading condition. Reprinted with permission

from Ref. [86], copyright (2020).

the stress is fitted by a sinusoidal function. The stress curve contains a certain level of noise that
can be reduced by either increasing the number of cycles or increasing the amplitude ¢4, provided
that the deformation remains in the elastic regime. Notice that the typical values of the frequencies
accessible to MD simulations range from 1 GHz to 100 GHz, several orders of magnitudes higher

than the experimental frequencies that usually do not exceed few kHz.

4. Strengths and limitations

MDisauseful technique to study complex systems such as MGs since it can provide atomic-level
insights on phenomena occurring at the molecularscale, allowing torationalize the atomistic mech-
anisms at the origin of various physical processes. For example, MD studies on the glass-forming
ability haveidentified therole of atomicsize effects [87] and the correlation betweenatomicstructure
and transport properties [88]. It has also been possible to shed light on the deformation mecha-
nisms of MGs unravelling some features of the STZs nucleation and shear band formation [89, 90].
Concerning dynamical relaxations, the role of Short-Range Order (SRO), namely the distribution
of icosahedra clusters, on the a relaxation behavior was pointed out by MD simulations [91]. The
atomistic mechanisms responsible for the £ relaxations have also been identified by several works

by Yu et al. as string-like motion [24, 25, 34, 35]. Recent studies by MD simulations have allowed
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to trace the origin of dissipation in MGs and to connect the atomic mobility to the local microstruc-
ture [86]. More details about specific achievements in the understanding of dynamical relaxations
in MGs by MD simulations will be presented in Sec. IV.

In spite of the possibilities offered by MD to describe phenomena at the atomic scale, many
limitations have still to be overcome. The first limitation concerns the timescales accessible to MD
simulations. In fact, the simulation’s time duration depends on the integration timestep, which
should be small enough to avoid discretization errors in the integration of the atomic equations of
motion, and the sum of the timesteps must be large enough to capture the effect being modeled in
a reasonable time. A typical value of the timestep is of the order of 1 fs. Therefore, the timescale
of MD simulationsis often limited to the picoseconds to few hundreds of microseconds range. For
example, as already mentioned in Sec. III A 3, the cooling rates used in MD simulations are much
higher than the experimental ones, thus creating a systematic difference between experimental and
simulated glasses [92], and often resulting in not well-relaxed glass structures. Moreover, when
simulating deformation, extremely high strain rates, usually higher than 10" s ™! are applied to the
system, and in cyclic deformation, like those used to simulate DMS, the frequency of the the applied
cycleis also very high compared to experimental values, as already pointed outin Sec. III A 3, often
resulting in high yield stress compared to those found in experiments.

Inorder to overcome the timescale limitations of standard MD, some approaches coupling MD to
other sampling methods have been proposed. The so-called metadynamics is one of these methods
allowing to enhance sampling of rare events and explore free energy landscapes of a system, partic-
ularly useful for systems with barriers that are difficult to cross within standard MD timescales [93].
This method is very practical because it allows to reduce the dimensionality of a large systems with
3N degrees of freedom, N being the number of particles in the system, to one or two degrees of free-
dom, called collective variables (CVs), which describe the system’s essential dynamics, for example
thedistancebetweenatomsormolecular groups, bond angles, or the principal components of atomic
positions. However, a proper choice of appropriate CVs s critical, since poor CVs choices can limit
exploration or bias the results. Furthermore, a time-dependent bias potential is added to encourage
the system to explore configurations that are rarely visited under standard MD. The bias "fills in"
free energy minima as the simulation progresses, allowing the system to escape these traps. After
sufficient sampling, the accumulated bias potential approximates the free energy landscape. The
analysis of this landscape allows to identify the stable states, to compute the energy barriers and to
study the sequence of explored configurations in order to understand reaction pathways, transitions,

and mechanisms. Different variants of metadynamics have been proposed, such as well-tempered
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metadynamics [94], parallel bias metadynamics [95] and bias-exchange metadynamics [96].
Another limitation of MD simulations concerns the accessible length scale. Due the high com-
putational cost, MD simulations are limited to small systems, with linear dimensions up to few tens
to nanometers. With the dramatic development of computer power, the sample size can nowadays
reach millions of atoms. Although PBC are used to simulate bulk systems, the limited size of simu-
lated glasses can affect the accuracy of the simulations [80], for instance leading to poor statistical

sampling [97] and to large fluctuations in the thermodynamic properties for too small systems [98].

B. Monte Carlo techniques

MD is the most common simulation method to probe the dynamics at the atomic scale and
thus to study dynamical relaxations in glasses. However, due to the timescale limitations of this
technique explained in Sec. III A 4, other accelerated simulation methods have been proposed in
order to fully explore the potential energy landscape and to overcome the potential energy barriers
in an accessible timespan in order to find the potential energy minimum [99]. One of the simplest

and most used techniques of this kind is the energy-based MC.

1. General principles

The MC method consists in randomly chosing an atom in a simulation box containing N atoms
and try to move it randomly in the box within a certain maximum fixed distance in all directions.
This move is accepted or not following a given acceptance rule [58, 100]. One of the most used
acceptance rules is the Metropolis algorithm, which is based on an energy criterion. If the energy
of the system in the present configuration is £ and the energy of the system after attempting a
random move of an atom is £, the move is accepted with the following probability [58]:

1 ifE <E
P = , , ©)

exp[—(E — E)YksT] IfE >FE
In practice, if the energy of the system after the move decreases the move is always accepted,
otherwise a random number ¢ is generated uniformly between 0 and 1 and it is compared to
exp[—(E — E)ksT ). if ¢ < exp[—(E — E)/ksT ] the move is accepted. Usually, one MC timestep
corresponds to N attempted moves. The maximum allowed displacement of an atom duringamove
is an important parameter that has to be carefully chosen: it has to be neither to small to avoid

the acceptance of a large number of moves and thus a little exploration of the phase space, neither
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too large since most of the moves will be rejected. In practice, this parameter is adjusted during
the simulation to yield an acceptance ratio of approximately one half of the moves [58].

The MC method allows to accelerate the exploration of the phase space and of the potential
energy landscape with respect to MD, thus allowing to obtain better relaxed glasses [101, 102].
Different variants of the MC method have been proposed to enhance the performances of this

technique. Some examples are illustrated in the next subsection.

2. Reverse Monte Carlo and Swap Monte Carlo

Refinements and variations of the MC technique have been suggested to improve the agreement
with the experimental glass structure and to speed up the convergence to a minimum energy
state. Concerning the first point, Reverse Monte Carlo (RMC) method was introduced two decades
ago [103] in order to overcome the drawbacks of simple MC simulations often generating in silico
structures not matching the experimental ones. In fact, the basic principle of RMC is the same as
that of MC with the extra feature that the resulting glass structure has to satisfy some constraints
imposed by experiments [104], eventually yielding more realistic structures. Specifically, a cost
function is defined as related to the difference between the simulation results and the experimental
reference, for instance for the pair distribution function that yields a global characterization of the
atomic structure of the system [105]. The objective of RMC is to minimize this cost function by
using a Metropolis-like algorithm [106] and therefore to provide atomistic structures in very good
agreement with experimental data. As such, RMC can be used to construct atomic structural
models of MGs [107, 108] and can offer a practical tool to model glass structures and dynamical
relaxations when reliable experimental data are available [109].

Regarding the second point, i.e. a faster convergence to a minimum state in the potential energy
landscape, we mention the Swap Monte Carlo (SMC) algorithm, which provides an efficient way to
produce equilibrium configurations of a supercooled liquid [20, 101, 110] with effective equilibration
times much lower than the experimental structural relaxation time. Besides attempting to displace
particles, asin the standard MC, in SMC an extra move can be applied, consisting in exchanging the
diameters of two randomly chosen particules, or equivalently their positions, with an acceptance
rule based on the Metropolis criterion. It can be shown that this method respects the detailed
balance principle and can therefore yield a final equilibrium state [111]. The frequency of the swap
moves and the range of particle diameters for which the swap can be attempted can be tuned to

optimize the efficiency of the SMC method. The SMC was first introduced to study hard-sphere
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systems [112] and was then extended to investigate the glass transition of a binary mixture of soft
spheres [113]. More recently, Ninarello et al. used SMC simulations to analyze the role of different
features, like size polydispersity, particle softness, nonadditivity of interactions, for both discrete
and continuous mixtures [110]. They found a gain up to 10 orders of magnitude in the equilibration
time with respect to the standard MC method, even close and below Ty, thus allowing to measure
physical properties over a wide range of temperatures under experimental conditions.

The swap Monte Carlo algorithm can be also implemented within a MD framework, replacing

the swap moves by an exchange between the system and a reservoir of particles [101, 114-116].

3. Strengths and limitations

MC-based simulations are an interesting alternative to MD simulations to overcome the limi-
tations of the melt-quenching procedure in order to generate glass structures that do not depend
on the choice of the cooling rate. However, these simulations are not necessarily physically based
and they cannot capture the spontaneous evolution of the system towardslower-energy states, thus
generating structures probably very far from those of real experimental glasses [117]. While RMC
simulations can provide a means to obtain glass structures matching experimental available data,
their limitation is due to their inability to provide a physical insight in the dynamics of the atoms
in a glass, as compared to MD simulations [118, 119]. Moreover, the method of RMC simulations
to minimize the cost functionis intrinsicallyill-defined, since a given indicator, for example the pair
distribution function, whichisa one-dimensional signature, canbe associated with several different
three-dimensional structures [118]. Overall, SMC simulations on the contrary do not rely on the
minimization of a cost function to match the obtained structures with experimental data, and can
produce in silico glasses with an efficient sampling of the phase space especially for polydisperse
systems. In systems with identical or nearly identical particles, however, swapping may not lead to
significant configurational changes. This limits the utility of the method because the swaps do not
meaningfully enhance exploration of the phase space [20]. Moreover, systemswith strong structural
constraints, such asordered crystals or networks, may notbenefit fromswappingbecause proposed
swaps often lead to energetically unfavorable configurations that are likely to be rejected [110].
At very low temperatures, swap moves are often rejected because they tend to increase energy
significantly. This makes Swap Monte Carlo less effective for studying systems near their ground
state orin highly ordered regimes. Careful consideration of system properties and combining swap

moves with complementary techniques can help mitigate these limitations.
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In conclusion, MD and MC represent two different and complementary techniques both very
useful to understand different aspects of the relaxation dynamics in metallic glasses, and more
generally in amorphous glassy materials. However, MD has been largely predominant in several
works to investigate dynamical relaxations. In fact, since the relaxation is essentially a kinetic, non-
equilibrium phenomenon, MD simulations are more suitable to study the non-equilibrium dynamics
of amorphous solids with respect to MC simulations that were originally developed to investigate
the equilibrium properties by performing configurational averages of thermodynamic quantities,
or to study the static structure of liquids for instance. However, in the last two decades, MC
simulations were increasingly used also beyond the structure and the thermodynamics, with the
development of more sophisticated approachesbased onlocal moves and algorithms goingbeyond
the Metropolisacceptancerule, and allowing to more efficiently and rapidly sample the phasespace
when approaching the glass transition temperature [120]. Local MC can thus'be considered as an
efficient alternative to MD to sample not only static but also dynamic properties of supercooled
liquids [20], allowing to reach much longer times and to study the long-time dynamics otherwise
inaccessible by simple MD simulations. However, the drawback of MC approachesis that they often
produce unphysical trajectories in the phase space in order to achieve a faster sampling. That is
the reason why MC is used to produce well-equilibrated initial configurations of supercooled liquids
whichserve asinput to MD simulationsto further study dynamic relaxations at lower temperature.
Moreover, theuse of MD simulations canalso provideacloser physical understanding of the atomic-
scale features and mechanisms at the base of the different relaxation modes and to mimic the
experimental DMS technique to investigate the viscoelastic properties of metallic glasses, which

would be less straightforward by employing MC techniques.

IV. KEY FINDINGS ON DYNAMICAL RELAXATIONS BY NUMERICAL SIMULA-
TIONS

In this section, we review, though in a non-exhaustive manner, some of the main contributions

of numerical simulations studies to the physical understanding of dynamical relaxation in MGs.
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1. Primary relaxation

The slowing down of the dynamics when cooling downaliquid near the glass transition tempera-
ture is one of the main features of the a relaxation process that calls for an atomistic understanding,
which has therefore been the subject of several numerical studies focussing on the atomic-scale dy-
namics of a supercooled liquid near 7y. The relaxation dynamics can be characterized by the
relaxation function ¢(¢) defined in Eq. (1). Usually, in computational studies, the relaxation func-
tion is assimilated to the self-part of the intermediate scattering function (SISF) Fs(g, f), which

characterizes the single-particle dynamics of a system of N particles [110]:

(4 X )
Flqn= — expliq-[r () —r (0)]) (10)
N

Where( q )is the wave vector, usually correséonding to the first peak of the static structure factor,
and - - denotes an ensemble average. It is known that for liquids the relaxation occurs in an
exponential fashion, i.e. ¢(r) ~ exp(—#/z ), while for supercooled liquids a stretched exponential
behavior, given by the Kohlrausch-Williams-Watts (KWW) equation, i.e. ¢(¢) ~ exp(—#/r)?, where
p is the stretching exponent, is usually found [121]. The exponent § < 1 for most glass-forming
liquids, signaling a stretch relaxation due to a more sluggish dynamics [23]. So far, the origin of the
stretching behavior is not clearly established, and it is believed that it is either a consequence of
the dynamical heterogeneity in different regions of spaces or a result of local relaxation [122, 123].
In a recent study, Shang et al. investigated this debated issue by MD simulations of a binary
Lennard-Jones mixture subjected to a sinusoidal strain mimicking a DMS experiment [124]. They
defined local elastic moduli by letting only a region of the sample of given size relax in isothermal
conditions and measuring the local stress in this region. They found that the exponent  ~ 0.3 does
not change with the size of the local region, and moreover its value is the same as that obtained for
the global elastic modulus, suggesting that the material locally relaxes following the same process
as in the bulk sample. However, the local relaxation times display a broad distribution, even if
the stretching does not depend on this distribution and on the local features. Overall, the results
of this work suggest that the dynamical relaxation is a very complex phenomenon that cannot be
understood solely in terms of dynamical heterogeneity, but it also requires a full understanding of
the non-trivial scale dependence due to the energy barriers that govern the relaxation process.

In a more recent study, Sun et al. investigated the relaxation mechanisms of different MGs
by MD simulations. By studying the time evolution of the SISF at different temperatures, their

results revealed two main kinds of relaxation mechanisms. In fact, the exponent f decreases from
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FIG. 10. Time evolution of SISF (diamonds) and potential energy (dots) for CusoZr7o obtained by MD

simulations at (a) 700 K and (b) 300 K, showing distinct relaxation dynamics. Solid curves are fits of SISF
and potential energy by KWW function with different values of the exponent /5 as indicated in the figure.

Reprinted with permission from Ref. [125], copyright (2023).

1 far above 7; to 3/5 when approaching 7, and further to 3/7 when decreasing 7' far below
Ty [125], as shown in Fig. 10. The exponent 3/7 was also found in stress-relaxation experiments
of several MGs, suggesting a universal mechanism governing aging below Ty, and it can thus be
considered as an indicator of the o relaxation. A microstructural explanation of f = 3/7 was
given in terms of the evolution of the cavity volume during stress relaxation, which also follows a
stretched exponential decay with the same exponent 3/7, and can thus be correlated to physical
aging. Moreover, after aging the large cavities strongly decrease in number and size, and they can

therefore be considered as seeds contributing to the relaxation dynamics. Fheseresults-evidence

name-of stretchedrelaxation. However, upon decreasing temperature deeper in the glassy state, a

recent experimental work reported a dynamical crossover from a stretched exponential with f <1
in the supercooled liquid to a compressed exponential with > 1 in the metastable glassy state
for a Mg-based MG [126], essentially due to internal stress relaxation. A study of Wu al. by
MD simulations on a CusZrs glass has shed some light on this intriguing phenomenon [91]. The
authors studied the relaxation functions of different atomic environments, formed by icosahedral
clusters of different connectivity, defined as the number of 12-fold coordinated Cu atoms that are
neighbors of a given 12-fold coordinated Cu atom. Their results show that clusters with small
connectivity, i.e. isolated icosahedra, are characterized by an exponent § < 1 with a liquid-like

behavior, while icosahedra with large connectivity display a compressed relaxation with g > 1,
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more reminiscent of a solid-like behavior. In MGs, these two relaxation processes can coexist
giving rise to a very complex and intriguing behavior. The crossover between these two dynamical
behaviors strongly depend on temperature and on the wavenumber, thus on the length scale. For
small values of the wavenumber, that is when the relaxation is probed on larger length scales, f is
larger and the relaxation dynamics is faster, whereas for larger wavenumbers the dynamics is that
of a supercooled liquid. The icosahedra with high connectivity form rigid structures that move in

a viscous surrounding medium, driven by local internal stresses.

2. Secondary relaxations

As already stated in Sec. II, besides the primary relaxations other types of relaxations, called
secondary relaxations, occur inamorphous materials at lower temperatures. The most outstanding
of them is the slow f relaxation, which is linked to other properties of glasses, such as plastic-
ity, aging, diffusion and crystallization. Secondary relaxations have been detected in experimental
work, but a clear understanding of their microscopic origin is still lacking. In this respect, numer-
ical simulations have contributed to elucidate some of the basic mechanisms responsible for these
dynamical relaxations and also to assess why in some MGs f relaxation for instance is more promi-
nent, showing a distinct peak, with respect to other MGs where only an excess wing is detected
in the relaxation spectra. One of the main issues to capture the phenomenology of the f relax-
ation by atomistic simulations is the timescale limitation. In fact, as observed in experiments, f
relaxation merges into a relaxation for temperatures close to 7y, but it can be distinguished from
the main relaxation only deep in the glassy state where the dynamics becomes much slower, i.e. of
the order of several microseconds. Thus, in order to fully observe the f relaxation the simulation
time should be of the order of the microsecond, which requires a considerable amount of CPU time.
Yu et al. performed extensive long-time MD simulations of DMS of different MGs to probe the
p relaxation [34, 35]. Specifically, the cooling rate used to generate the glass structure was 2 to
3 orders of magnitude smaller than typical cooling rates used in MD, and the lower frequency of
the sinusoidal strain was set to 10 MHz, allowing to simulate the dynamics up to the microsecond
timescale. By analyzing the probability distribution of the atomic displacement vectors they found
that MGs possessing a pronounced f peak have a larger fraction of fast-moving atoms and that the
peaks of the displacement probability distribution correlate with the peak of the radial distribution
function. As a consequence, atoms with large displacements rearrange in a cooperative manner by

atomic jumps from one stable position to another by correlated hops. As schematically sketched
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FIG. 11. (a) Scheme illustrating the mechanism of string-like motion. (b) Typical string-like configurations
obtained from MD simulations. Reprinted with permission from Ref. [34], copyright (2017).
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FIG. 12. Atomic displacements vectors for (a) NigoP20 and (b) YesCuss, evidencing different degrees of

string-like motions. Reprinted with permission from Ref. [35], copyright (2018).

in Fig. 11(a), one atom jumps to the position that is previously occupied by another atom in its
nearest or secondary-neighbor shell. These correlated, cooperative hops manifest themselvesin the
form of string-like configurations that can be linear, loop-like or aggregated, as shown in Fig. 11(b),
and which are sequentially activated in time. In MGs where the f peak is more prominent, the
string-like configurations are more abundant and they are also larger in size compared to other
metallic glasses that only exhibit an excess wing, where string-like motions are scarcer and strings
are smaller. A typical comparison is shown in Fig. 12 for two prototypical MGs, e.g. NiwPu,
showing a well pronounced S peak, and Ye«Cuss, which has an excess wing. It is evident that
the dynamics of NiwP2 is characterized by more string-like motions than YeCuss, and that the
string-like configurations are longer. A previous study on MD of a Lennard-Jones binary mixture
also associated the microscopic physical origin of the S relaxation to cooperative mechanisms rather
than to localized atomic rearrangements [127]. Correlated motions resembling to string-like con-

figurations of long chains of atoms were observed in a similar fashion as in Ref. [35], suggesting

25



that S relaxation is a cooperative phenomenon but it is not an extension of the a process. Thus,
a correlation is established between string-like motion and f relaxation, and long strings have a
larger contribution to the f relaxation. Moreover, the computed most probable time of the string-
like motions, obtained by locating the peak of the time evolution of the number of atoms in a
string normalized to the number of fast-moving atoms, matches quite well with the f relaxation
time in a wide range of temperatures, further corroborating the link between string-like motion
and p relaxation [35]. In order to understand why different MGs have different amount of string-
like configurations and thus more or less pronounced p relaxations, Yu et al. showed that caging
properties can influence the string-like motions, since atoms first have to escape from their cages in
order to form a string-like configuration [35]. They monitored the cage breaking fraction of NizxPx»
and YsCuss as a function of time. For NiwP» the cage breaking fraction is larger and increases
more rapidly with time than for YeCuss, indicating that cages are easier to break. When cages
break sooner, string-like cooperative motion sets in more easily at earlier times, yielding a sharper
p relaxation. On the contrary, the presence of an excess wing rather than a peak for YsCuss is
due to the fact that atoms quit the cages late and do not have time to develop string-like motions
since a relaxation occurs. In order to detect the S relaxation in atomistic simulations it is therefore
necessary for the simulation time to be quite long to observe cage breaking and subsequent forma-
tion of string-like motion, which is possible only if the observation time reaches the microsecond
timescale. String-like motions constitute therefore the basic event of § relaxation. It was shown
by atomistic simulations and percolation analysis that the strings intertwine to form mobile clus-
ters, which merge with their neighbors to form larger clusters until percolating through the whole
space [128] . This percolation transition signals the occurrence of f relaxation and it has the same
time and temperature dependence as the f relaxation. Percolation emerges universally when about

10% of the atoms are mobile.

It is widely recognized that the f relaxation is intrinsically linked to plasticity of MGs [32, 129,
130]. In a recent work, Zhou et al. implemented MD simulations with metadynamics in order to
overcome the the timescale limititations of standard MD, as dicussed in Sec. III A 4, allowing to
generate transition-state trajectories on experimentally relevant timescales, up to milliseconds [15].
They revealed that atoms participating in a STZ tend to form string-like motions and that the
characteristic time of this motion corresponds to that of f relaxation. In some systems, due to
their unique structural feature, such string-like motions are easily excited and not spatially con-
fined, as in the case of AlxSmi MG, which exhibits a significant f relaxation feature. Such MG is

also easily deformed on a macroscopic scale. In other systems, such as YssCuss MG, the string-like
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motion is suppressed by the large frozen environment. Therefore, the string-like collective motion
is difficult to be excited and does not propagate, leading to a general lack of significant f relaxation
and relatively less deformability at ambient temperature or at conventional time scales. Moreover,
Yu et al. suggested that the activation energy of f relaxation in MGs is approximately equivalent
to the potential energy barrier of STZs [24], a result already obtained in 2009 by Rodney and Schuh
by atomistic simulations of a two-dimensional Lennard-Jones glass with the activation-relaxation
technique used to explore the potential energy landscape [49]. These findings imply an intrinsic
correlation between slow f relaxation, activation energy of STZs and the heterogeneous atomic
structure of MGs. In this same spirit, Priezjev studied the mechanical relaxation of cyclically
deformed binary Lennard-Jones glasses by MD simulations, and found that during the mechan-
ical annealing the potential energy decreases, following a logarithmic decay with the number of
cycles [67, 131], indicating a slow structural relaxation phenomenon. This mechanical annealing
process is associated with intermittent plastic rearrangements, whose typical size is reduced as the
system is relocated to progressively lower energy states upon cyclic loading [131]. Thus, atomistic
simulations can provide physical insight into the microscopic origin of plastic deformation in MGs,
and more generally in disordered materials.

Besides the slow f relaxation peak, DMS experiments have shown that the relaxation spectra
become asymmetric near 7y developing an excess wing [132-134]. The microscopic origin of these
excess wings is rather unclear, since they are difficult to be detected in atomistic simulations. Very
recently, Guiselin et al. were able to probe the excess wing in a size-polydisperse mixture of soft
repulsive spheres using the SMC method to generate glass equilibrium configurations combined with
MD simulations up to very long time scales, of the order of 20 ms [135]. In fact, excess wings can only
be accessed if the observation time is long enough to distinguish them from the main structural
relaxation. They studied the dynamic susceptibility y () (Fourier transform of the SISF) and
observed a development of a power-law by lowering temperature (Fig. 13(a)) with exponent 0.38.
By analysis of the atomic structure, they found that the excess wing is due to a sparse population
of relaxed, localized regions over broadly distributed timescales (Fig. 13(b)), whose relaxation time
follows a power law with the same exponent 0.38 (Fig. 13(c)). The excess wing is interpreted as
a broad underlying distribution of relaxation timesescales compressed by dynamic facilitation at
long times. In this respect, we clearly see the strength of computer simulations to provide physical
atomic explanations of phenomena that are experimentally inaccessible.

The 8 relaxation is another kind of secondary relaxation observed in MGs whose underlying
physical mechanisms are still unclear. By MD simulations of AlxLaiw MG, Chang et al. have
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FIG. 13. (a) Relaxation spectra for the dynamic susceptibility at different temperatures as indicated in the
legend. (b) Visualization of spatially heterogeneous and facilitated dynamics; particles are colored according
to the bond-breaking correlation from blue (immobile) to red (relaxed). Reprinted with permission from

Ref. [22] , copyright (2024).

revealed that the § relaxation is due to the string-like diffusion of liquid-like atoms inherited
from the high-temperature liquid and exhibiting a behavior similar to that in liquids, including
comparable activation energies and low viscosities [136]. In a very recent work, Yu et al. also
observed liquid-like clusters at low temperatures with a damping factor close to liquids and vanishing
shear modulus, but with very low diffusion [137]. They state that these clusters are responsible
for the # relaxation. The presence of faster secondary relaxations has also been reported in thin
metallic films of CusZrss by MD simulations [138]. In this system, a multistep relaxation is

observed in the SISF, allowing to distinguish a fast $ 'mode and a slow S mode, due to the enhanced
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FIG. 14. Reduced vibrational density of states of CusoZrso obtained by MD simulations. Reprinted with

permission from Ref. [141] , copyright (2019).

mobility of the atoms near the surface. For the f relaxation the main atomic mechanism is identified
with atoms jumping out of the cage region, while for the ' mode a cooperative string-like jump of
the atoms is responsible for the relaxation process.

Another interesting manifestation of the secondary relaxations in MGs is represented by the
boson peak phenomenon, already mentioned in Sec. II, which is an excess of low-frequency vi-
brational density of states, characteristic of disordered glassy solids, deviating from the Debye
model [139, 140]. The explanation of the boson peak is still controversial, and its underlying phys-
ical mechanisms have not been well elucidated yet. Yang et al. performed MD simulations on a
model CusZrss MG and calculated the vibrational density of states g(w) by the Fourier transform
of the velocity autocorrelation function [141]. They clearly saw the Boson peak by plotting the
reduced vibrational density of states g(w)/w’, as shown in Fig. 14. They found that all atoms
participate to the low-frequency vibrations close to the boson peak, but the contribution of each
atom to the boson peak strongly depends on the local SRO. They carried out an atomic-scale anal-
ysis, based on the orientational order, defined as a vector pointing from the center of each atom
to the farthest vertex of its coordination polyhedron, and they found that the orientational order
is the most probable direction of transverse vibrations at low frequencies. It turns out that the
magnitude (length) of the orientational order parameter determines the boson peak intensity, and
its spatial distribution produces the quasilocalized modes of the boson peak. In another work, Hu
and Tanaka studied the miscroscopic origin of the boson peak with MD simulations by calculating

the longitudinal and transverse dynamic structure factors over a wide range of frequencies [142].
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FIG. 15. Spatial distribution of the contribution of each particle to the reduced transverse vibrational density
of states atdifferentfrequencies, evidencing different quasi-localized modes. Reprinted with permission from

Ref. [22] , copyright (2024).

They showed that the boson peak originates from quasi-localized vibrations of string-like dynami-
cal defects, which are coupled to transverse phonons. In Fig. 15 we can identify some examples of
quasi-localized modes, such as four-leaf patterns, string- and ring-like patterns and more localized
featureless patterns. Furthermore, these dynamical defects provide acommon structural origin for
the three most fundamental dynamic modes of glassy systems: the boson peak, fast f relaxation
and slow structural relaxation. Interestingly, similar features originating from phonon softening
mechanisms have been observed in strained glasses by Ren et al. using MC simulations to produce

aged glasses, combined wuth MD runs to anneal the glasses at specified temperatures [143].

3. Viscoelasticity and dynamical heterogeneities

From these results it is evident that one of the most striking aspects of atomistic simulations is to
probe the dynamical processes and the structural features at the atomic scale and to connect them
to some observed phenomena. In this respect, this kind of simulations can provide a link between
the microscopic dynamics and macroscopic quantities or properties. For example, a property that
isrelated to dynamical relaxations is that of the viscoelasticity in MGs, which can be characterized
by the dynamic moduli. A fundamental question is what determines viscoelasticity and dynamic
moduliin glassy materials. Yuetal. addressed this issue by performing MD simulations of DMS on
amodel NisxoP» MG [144]. They conducted a structural analysis based on atomic displacements and
calculated the probability density function of the atomic displacements. This probability density
evolves with temperature and it displays a peak that increases with temperature. The authors
found that the temperature dependence of the peak position and that of the dynamic moduli is
very similar, so that these two quantities are intrinsically correlated. On the other hand, systems
with the same values of the dynamic moduli can show different dynamical heterogeneities, related

to the large-displacement tail of the probability density function, i.e. to fast-moving atoms. They
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concluded that, in spite of these structural differences, the dynamic moduli are primarily determined
by the most probable value of the atomic displacements, and not by the dynamical heterogeneities
induced by the faster atoms. In another work, Yu et al. investigated the atomic mechanisms of
internal friction in a model CusZr:s MG [53]. By again monitoring the distribution function of
atomic displacements they established a correlation between internal friction and the concentration
of faster atoms, thus suggesting that the internal friction, at variance with the dynamic moduli, is
well affected by the dynamical heterogeneities. The fastestatoms tend to form clusterlike structures
and act as cooperative avalanchelike excitations , triggering neighboring atoms in an intermittent
stochastic fashion. Furthermore, the authors provided evidence that faster atoms are anticorrelated
with atoms with full icosahedral symmetry. This finding is in agreement with more recent results
of Lyu et al. related the atomistic processes responsible for viscoelasticity [86]. By performing
MD simulations of DMS on Cu«Zrs, they showed that the spatial distribution of slow atoms

matches quite well with that of atoms belonging to icosahedral clusters, as it can be clearly seen
in Fig. 16. In fact, Cu-centered full icosahedra clusters are rather stable and have a low atomic
mobility, contributing to the stored elastic energy during a loading cycle. On the other hand,
the viscoelastic component is due to the atoms with higher mobilities that undergo irreversible
inelastic displacements, and thus contribute to the dissipated energy. In the same work, DMS was
simulated under different loading conditions and it was found that different elastic moduli have very
contrasted dynamical behavior, but satisfy the dynamic correspondence principle. An example of
DMS spectrum obtained with MD simulations at different frequencies for a givenloading condition

(constant volume) is presented in Fig. 17

Furthermore, several studies of dynamical relaxations in glasses have assessed that the presence
of slow frelaxation is indicative of dynamical heterogeneities in the glass [16], as already discussed
above. A thoroughinsight of dynamical heterogeneities at the atomic scaleis very challenging from
anexperimental point of view. Toovercome this limitation, atomistic simulations havebeen carried
out in the last years to unravel the basic mechanisms of dynamical heterogeneities and to establish
a link between the local structure and the macroscopic properties. The local structure of MGs
contains both chemically and topologically favorable configurations and geometrically unfavored
motifs [83, 145-147]. Local motifs such as icosahedra form the SRO and the medium-range order
and constitute a rigid backbone with a dense packing in the glassy matrix, while unfavored motifs
are characterized by a loose packing. Li et al. used the RMC method to generate reliable three-
dimensional atomic structures for CusZrs and CusZrss to match the structure factor of X-ray

diffraction experiments [148]. They found that the glass systems consist of a string-like backbone
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FIG. 16. (a) Snapshot of atomic displacement for cyclic loading of CuesZr36 at 800 K and 10 GHz by MD

simulations. (b) Same as (a) when atoms with displacements < 1.4 A and isolated atoms are removed. (c)
Snapshot of Cu atoms at the center of icosahedra. (d) Same as (c) when isolated icosahedra are removed.

Reprinted with permission from Ref. [86], copyright (2020).
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volume cyclic deformation at different frequencies obtained by MD simulations on Cues4Zr36. Reprinted with
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FIG. 18. Contour maps of a slice of the CusoZrso MG representing the atomic non-affine displacement,

revealing the inherent heterogeneity. Reprinted with permission from Ref. [149] , copyright (2016).

network formed by icosahedral clusters and a "liquid-like" structure filling in the remaining space.
Hu et al. performed MD simulations combining isoconfigurational ensemble and atomic pinning
methods in order to probe the dynamical heterogeneities in a CusZrss MG [149]. As it can be
seen in Fig. 18, depicting a map of the non-affine displacement in a slice of the sample, flow
units characterized by larger non-affine displacements can be clearly distinguished in the elastic
matrix, indicating the emergence of dynamical heterogeneity already in the elastic regime. Thus,
the structure of a MG isintrinsically inhomogeneous, with local soft spots that are prone to deform
plastically. As mentioned before, since f relaxation is linked to the activation of STZs, MGs with
prominent S relaxation will be characterized by heterogenous structures with more liquid-like zones.
Fujita et al. performed MD simulations to investigate the mechanical behavior of CusZrisAgio MG
subjected toiteration deformationinanominally elasticregion. Itwas found thatcyclic deformation
leads to the formation of irreversible STZs and a permanent uniform strain. The initiation of STZs
is directly correlated with the atomic heterogeneity of the MG and the accumulated permanent
strain has a linear relation with the number of STZs [150]. Moreover, the structural heterogeneity
strongly affects the formation of STZs, since Ag-poor regions are more resistant to shear, while
Ag-rich regions with looser atomic packing have weaker shear resistance to the initiation of STZs.
Inanother work, Fujitaetal. performed extensive MD simulations comparing twomodel systems, a

binary alloy (CusZrs) and a ternary alloy (CusZrsAguo) [151]. They observed that the relaxation
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FIG. 19. Correlation between atomic mobility of Cu atoms and their local structural environments in
CussZrasAgio at 800 K. The Cu atoms are sorted into 20 groups in the increasing order of their displacement.

In each group, the percentage of full icosahedra and the number of coordinated Ag atoms are plotted with
(a) 3D mean-square displacement map of all atoms based on propensity motion for a long time interval and
(b) 3D map showing both isosurfaces of slow-dynamics regions and distribution of Ag atoms (balls). The
slow-dynamics regions are apparently Ag-poor regions. The cube has the dimensions of 53 x 53 x 53 A3;
the color bars show the range from fast (top) to slow (bottom) dynamics. Reprinted with permission from

Ref. [151], copyright (2010).

dynamics, as probed by the SISF, is very similar for the two systems, with comparable a relaxation
times, in spite of the higher glass-forming ability found experimentally for the CusZrisAgi system.
On the other hand, their results reveal a strong correlation between dynamic heterogeneity and
chemical SRO for this ternary alloy. In fact, by addition of Ag the atomic motion becomes less
cooperative in the ternary alloy, strongly increasing the dynamic heterogeneity. Interestingly, an
intrinsic correlation between the chemical and dynamic heterogeneities manifests itself through a
spatial partitioning in space between regions rich in Cu atoms with higher short-range icosahedral
order, where the dynamics is slower, and regions rich of Ag atoms with a faster dynamics, as it
canbe seen in the snapshots of Fig. 19 showing the isosurfaces of slow-dynamics regions with small
atomic displacements and fast-dynamics regions with larger atomic displacements. FromFig. 19(b)
itis clear that the slow-dynamics regions are poor of Ag atoms, confirming the correlation between
dynamic heterogeneity and chemical inhomogeneity. Moreover, this spatial partitioning due to the
addition of Ag atoms can delay the crystallization kinetics and thus improve the glass-forming

ability.

So far, we have presented key results of atomistic simulations for pure MGs, but experimentally

glass composites are often considered. In fact, glass composites with a crystalline phase embedded
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in a glassy matrix are generally believed to keep a tensile strength while improving ductility by
delaying brittle fracture. A recent MD study on DMS and viscoelastic properties of MGs composites
showed that dynamical relaxations and dynamic moduli exhibit a remarkably complex behavior,
depending in anon-trivial manner on the spatial distribution of the microstructural heterogeneities
and loading conditions, especially for the loss modulus [152]. This study revealed some fundamental
structural and dynamic conditions for the occurrence of energy dissipation in pure and composite
MGs, namely the existence of structural heterogeneity and local shear deformation, resulting in

atomic shear motion between regions with different moduli.

V. CONCLUSIONS AND FUTURE DIRECTIONS

Numerical simulations haveemerged as anindispensable tool forinvestigating dynamical relax-
ations in MGs. By employing techniques such as MD and MC, researchers have gained valuable
insights into the mechanisms governing primary and secondary relaxation processes, providing a
link between dynamical relaxations and structural heterogeneities in MGs. In spite of the progress
made, challenges remain, particularly in bridging timescales and developing robust interatomic
potentials and eventually hybrid approaches. Continued efforts tointegrate experimental and com-
putational approaches, along with advancements in machine learning, will be crucial for unlocking
the full potential of metallic glasses in various applications. Below we propose some hints for future
directions and perspectives in the use of numerical simulations for elucidating the still unresolved

issues related to the understanding of dynamical relaxation processes in MGs.

1. Extending timescales
Asalready discussed in Sec. III A 4, the main drawback of atomistic simulations, in particular
MD, is the inability to describe phenomena over time exceeding few hundreds of nanosec-
onds. The SMC method is one of the possible routes to extend this timescale up to tens
of microseconds. MD simulations with metadynamics have been very rarely used to study
relaxation phenomena [15], even if accelerated MD techniques are in principle available in
the literature [93, 153]. In this respect, it is of primary importance to push the accessible
timescales further, since long-time dynamics is not just an extension of the existing one, but

different features and phenomena can appear at longer timescales.

2. Multiscale modeling

Atomistic simulations can describe relaxation phenomena at the atomic level, accessing the

35



elementary mechanisms and dynamical processes at the atomic scale. Nevertheless, the link
between these atomic-level relaxation processes to real-life experimentally observed dynamical
relaxationisstill elusive. In order to bridge this gap, multiscale simulations can be carried out
by for instance integrating MD with continuum mechanics or finite element models, or using
coarse-grained modeling to study large-scale systems. Mesoscale models, such as phase-field

or kinetic field theories, could also be applied to capture intermediate phenomena.

. Establishing a correlation between the glass structure and the atomic motions

for relaxation dynamics

We have shown in Sec. IV that dynamical relaxations are determined by characteristic types
of atomic motions and structural rearrangements. However, the link between these atomic
motions and the surrounding glass structure is not completely clear yet. Atomistic simulations

could be pushed forward to shed light on these connections.

. Effect of chemical composition on dynamical relaxations

MGs with different chemical compositions display various dynamical and mechanical prop-
erties. In particular, the effect of chemical composition on dynamical relaxations is not well
understood. Ab-initio calculations can in principle be an appaopriate tool to investigate the
effect of the composition at the atomic scale, but they are very limited in size and in time.
MD simulations haveless severe limitations of time and size, but they rely on the choice of the
interatomic potentials. A promising approach would be to use machine-learning approaches

to access longer timescales and larger system sizes.

. Incorporating Machine Learning (ML)

Linked to the previous point, ML techniques can be useful to develop more accurate and com-
putationally efficient potentials, for example neural network potentials [154], and to speed
up the MD simulations [155]. ML can serve to identify relaxation pathways, predict ag-
ing/rejuvenation behaviors and optimize material properties. Moreover, large datasets from
simulations could be analyzed by ML to extract meaningful patterns related to relaxation

and deformation [156].

. Understanding dynamical heterogeneities
In spite of the progress made by atomic-scale simulations to describe the structural features
of dynamical heterogeneities, the link between slow dynamical relaxations and dynamical

heterogeneities is still a matter of debate. A closer understanding of the microscopic origins
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of the dynamical heterogeneity should be gained by developing appropriate analysis methods
of the local glass structure coupled to the relaxation dynamics. ML approaches could again

help to identify correlations between structural features and relaxation patterns.

7. Developing a unified theory of relaxation processes
So far, numerical simulations have shed light on some essential basic atomic processes re-
sponsible for mechanical relaxations. However, a unifying theoretical framework to describe
relaxation phenomena is still lacking. In fact, it is not yet established whether a given funda-
mental mechanism can account for the various relaxation processes in MGs. A recent study
has opened the pathway to such a kind of study, by proposing a unified principle governing
diverse dynamical processes across different disordered materials on the basis of a global order
parameter, namely the inherent structure minimal displacement, to quantify the variability

of configurations by a pattern-matching technique [157].

In conclusion, enormous progress has been achieved by numerical simulations concerning the
understanding of therelaxation processesin MGs and therelationbetweenstructural characteristics
and dynamic and mechanical properties. Due to the complexity of the behavior of glassy materials,
computer simulations have still to face many challenges to describe dynamical phenomena over
wider time and length scales, in order to provide more profound insights into the unique dynamics

of these systems.
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