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Abstract: Metallic glasses are a unique class of materials with exceptional mechanical properties, including high strength, excellent 
corrosion resistance, and significant elasticity. These materials display intriguing dynamical relaxation processes, which influence 
their mechanical and thermal properties. Understanding the dynamical relaxations in metallic glasses is crucial for optimizing their 
performance in various applications. Due to the restrictions of experimental techniques to access processes at the atomic level, the 
detailed mechanisms responsible for the dynamical relaxations cannot be easily obtained. Numerical simulations are potential 
candidates to analyze the elementary dynamical processes at the atomic scale and thus to capture the fundamental origin of dynamical 
relaxations. The development of computing has allowed researchers to reach an enormous advancement in the understanding of the 
physical mechanisms behind dynamical relaxations in metallic glasses. This review provides a brief overview of the current state of 
research in numerical simulations of dynamical relaxations in metallic glasses, highlighting key methodologies, significant findings, 
ongoing challenges, and future directions. By synthesizing current research, this review emphasizes the importance of these 
simulations in improving the design and processing of metallic glasses (from structural materials to high-performance components) 
for a wide range of applications.
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11  Introduction  Introduction

Metallic glasses (MGs) represent a fascinating class of 
materials with remarkable structural and mechanical 
properties due to the absence of long-range order, such as high 
toughness, exceptional mechanical strength, high elasticity 
(almost ten times larger than that of their crystalline 
counterparts), and high corrosion resistance, attracting much 
attention since 1990s[1–5]. Consequently, they are also 
candidate materials in various areas, such as micro-
electromechanical systems[6], biomedical equipment applica-
tions[7], solar wind collectors[8], spacecraft shielding[9], and 
sport equipment. Due to their structural amorphousness, MGs 
display a very complex dynamical and mechanical behavior, 
including the glass formation process and their deformation 
mechanisms. The Achilles􀆳 heel of these materials is their low 
ductility at room temperature, which severely hinders their 
application as structural materials[10–11]. Understanding and 
ameliorating the brittle behavior and plasticity of MGs are the 

main challenges of the research on MGs[12]. Unlike crystalline 

solids where plasticity can be described by the dislocation 

motion, the elementary mechanisms of plasticity in MGs 

(more generally, in amorphous materials) have not been 

completely established. To understand the mechanism of 

plasticity in MGs, the concepts of shear transformation or 

shear transformation zone (STZ) are usually adopted[13]. STZ 

corresponds to the region where irreversible atomic 

rearrangements occur. These concepts can possibly explain the 

shear banding phenomenon[14], which leads to the catastrophic 

failure of MGs. Besides, the plasticity in MGs is intrinsically 

linked to the disordered nature of glasses and to their 

relaxation behavior[15]. In fact, MGs are metastable with 

thermodynamical non-equilibrium structures, and their energy 

state is highly determined by the cooling history. Structural 

relaxation phenomena occur when the glass evolves from a 

high-energy state to a lower-energy state[16]. A comprehensive 

understanding of these relaxation processes is essential for 
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determining the relationship between the glass dynamics and 
plasticity and for improving the performance and reliability of 
MGs in practical applications.

Currently, the mechanical properties and the dynamical 
relaxations of MGs have been studied by experimental 
techniques to a certain extent[3,16–18]. However, experimental 
methods often face severe restrictions for the investigation on 
the atomic-scale mechanisms of plasticity and relaxation 
behavior to deeply understand the phenomena (such as shear 
banding) and the relationship between the local atomic 
structure and the mechanical behavior. Meanwhile, the 
computing has enormously developed, and consequently, 
numerical simulations have emerged as a critical tool to 
investigate the properties of MGs, providing insights into 
atomic-scale dynamics, mechanical response, and local 
structural features[19–21].

This review aims to summarize the current state of 
numerical simulations of dynamical relaxations in MGs, 
focusing on relevant methodologies, significant findings, 
challenges, and development directions in the future.

22  Generality on Dynamical Relaxations   Generality on Dynamical Relaxations 

MGs, as amorphous materials, are characterized by a 
complex structural dynamics. Since MGs have metastable 
structures, their energy state is determined by the thermo-
mechanical history. Particularly, the cooling rate is an 
important parameter that influences the structure and energy 
level of MGs. When a MG is prepared in a high-energy state, 
it can easily change to a lower-energy state, and this 
phenomenon is denoted as relaxation. Relaxation is a 
consequence of the disordered structure of glass materials due 
to the absence of long-range atomic order. For example, in a 
crystal with dislocations or grain boundaries, some weak 
relaxation modes can be observed. Since the atomic structure 
of glass is highly disordered, its relaxation dynamics is much 
more complex than that of a crystalline system[22]. Moreover, 
the relaxation dynamics provides a direct link to the local 
atomic structure of the glass. Thus, studying the relaxation 
dynamics allows to detect the structural features of glasses. 
Relaxation is a consequence of the atomic dynamic behavior 
and can be activated by external stimuli, such as applied stress 
or temperature change[17,23], giving rise to mechanical or 
structural relaxation[17,24–25]. In principle, relaxation can also 
occur spontaneously, but this phenomenon is denoted as 
aging, which usually occurs in a very long time scale, such as 
months or even years. MGs show complex relaxation 
dynamics, which is characterized by atomic processes 
responsible for different relaxation modes, extending over a 
wide range of temperatures and frequencies[23,25–27]. One of the 
main approaches to investigate the dynamical relaxations of 
MGs is to study their mechanical relaxation behavior, namely 
the response of the system to an external perturbation, such as 
an imposed deformation or an external stress[28–29]. MGs, 
characterized by stronger localized bonding, represent a 
benchmark system in this respect, because they have more 
symmetric and less localized interactions, compared with 

other glasses (such as silica). In the mechanical relaxation 
experiments, the stress σ is monitored as a result of an 
imposed strain ε. Based on the theory of viscoelasticity, the 
time or frequency dependence of the elastic modulus M= σ/ε 
can be obtained. Particularly, in the time domain, the 
relationship is as follows:

M(t)=[Δσϕ(t)+σr]/ε (1)

where Δσ represents the stress decay during relaxation, σr is 
the remnant stress, and ϕ(t) is the relaxation function. One of 
the mechanical relaxation techniques is the dynamical 
mechanical spectroscopy (DMS), which is an effective tool to 
detect the relaxation behavior due to its wide applicability and 
sensitivity to the atomic dynamics[24]. During a DMS test, a 
sinusoidal strain with amplitude εA and angular frequency ω of 
the form ε=εAsin(ωt) is applied to the system, and the resulting 
stress σ=σAsin(ωt+δ) is measured (σA is the stress amplitude, 
and δ is the phase shift). Based on these quantities, the 
complex elastic modulus M∗(ω) can be obtained, as follows:

M∗(ω)=(σA/εA)(cosδ+isinδ)=M′(ω)+iM′′(ω) (2)

where M′(ω) and M′′(ω) are dynamic storage and loss moduli, 
respectively; i is imaginary unit. The storage modulus is 
related to the energy that is stored and released in one loading 
cycle, and it is purely elastic; the loss modulus is proportional 
to the energy dissipated in one cycle due to viscosity or phase 
transitions. Thus, DMS can completely characterize the 
viscoelastic behavior of the material. The dynamic moduli are 
often combined in one single variable, namely internal friction 
or loss factor, as follows:

tanδ=M′′/M′ (3)

In fast scanning calorimetry experiments, the dynamical 
moduli are studied as a function of temperature variation in 
order to identify the characteristic temperatures where 
relaxations occur (thermally activated relaxations). The 
relaxation modes usually observed in MGs are the α (main) 
relaxation and the β (secondary) relaxation. These two 
processes are associated to different kinds of atomic 
rearrangements, leading to different dynamical relaxations. 
The α relaxation is related to a large-scale structural 
rearrangement, which usually exists in the supercooled liquids 
above glass transition temperature (Tg) and becomes frozen 
below Tg. When the temperature of supercooled liquid 
approaches Tg, the dynamics becomes very sluggish, and the α 
relaxation time (τα) can increase by many orders of magnitude 
when the temperature is only a few degrees Celsius lower than 
Tg. In fact, the relaxation function ϕ(t) for a supercooled liquid 
near Tg does not follow the same exponential decay as that in a 
classical liquid, but a stretched exponential behavior ϕ(t)~exp
[(− t/τα)

β], where β is the stretching exponent (smaller than 1 
for most glass-formers), indicating that the dynamics is slower 
than that of a liquid[30]. Interestingly, τα(T) follows the Fulcher-
Tammann law for the equilibrium supercooled liquid near Tg, 
and it can be described by an Arrhenius behavior in the glassy 
region far below Tg, where the glass is out of equilibrium[28,31]. 
When the glass is cooled below Tg, another dynamical 
relaxation mode, β relaxation, appears and becomes the 

2220



Claudio Fusco. / Rare Metal Materials and Engineering, 2026, 55(9):2219-2237

dominant mode when the temperature further decreases. 
Unlike the α relaxation, the β relaxation is associated with the 
local structural rearrangements and does not strongly depend 
on temperature. The features of dynamical relaxations can be 
represented by two distinct peaks in DMS spectra as a 
function of temperature, as shown in Fig. 1[25]. It can be seen 
that the α peak is located at a high temperature position, close 
to Tg, while the β peak occurs at lower temperature positions, 
which are usually 0.7Tg‒0.9Tg for most MGs. The α relaxation 
peak occurs over a wide range of frequencies typically from 
10−3 Hz to 102 Hz, depending on the sample temperature. As 
shown in Fig. 2[24], the α peak shifts to higher temperature 
positions when the frequency increases, and the frequency is 
positively related to the exponential of the inverse of the 
temperature of the α peak. It is worth noticing that although 
the main α relaxation peak can be observed in all MGs, the β 
relaxation does not occur in all MGs. Sometimes, the β peak 
cannot be observed or only an excess wing can be observed in 
DMS spectra. The conditions for the occurrence of β 
relaxation in MGs is one of the main puzzles related to the 
physics of MGs[24–25,32–35].

Compared with the α relaxation, β relaxation demonstrates 
low amplitude but a more comprehensive temperature range, 
which indicates its wide distribution of relaxation time. It is 

suggested that these two relaxation modes are not completely 
independent. For example, β relaxation acts as a precursor of 
α relaxation in some situations[16,36–39]. In fact, when 
temperature increases close to Tg, the β relaxation wing 
gradually merges into the α relaxation peak, manifesting the 
connection between the two types of dynamic behavior. In the 
perspective of the potential energy, the β relaxation 
corresponds to small scale hopping events between 
neighboring energy minima, while the α relaxation is 
associated with the configurational transitions from one 
megabasin to another[24,40], as illustrated in Fig.3[41]. Unlike the 
large-scale collective rearrangements occurring during the α 
relaxation, the β relaxation is associated with the local 
structural atomic motion, as depicted in Fig. 4b – 4c[42]. The 
mystery of β relaxation has not been totally unveiled, although 
recent studies have identified its basic mechanism and its 
correlation with the α relaxation[22]. It has been shown that β 
relaxation has a close correlation with other dynamic 
processes in MGs, and it can be of primary importance to 
understand the structural and mechanical characteristics of 
MGs[12,32–33,43–44]. The relaxation process and characteristics are 
highly affected by the structural nature of the glass materials 
and particularly by the chemical composition, as reported in 
Ref. [45]. Yu et al[46] proposed that β relaxation is associated 
with the regions where all the atomic pairs have large similar 
negative values of mixing enthalpy. Additionally, the effect of 
atomic pairs on the relaxation behavior is not only determined 
by their atomic properties, but also depends on their specific 
chemical environments and interactions with other atoms[24,46]. 
Furthermore, Huang et al[47] reported that a more pronounced β 
relaxation peak occurs when the boson peak is stronger, 
namely the excess of vibrational density of states. The cooling 
process of the glass material, as well as the aging history, also 
plays an essential role in the relaxation dynamics. For 
example, slow quenching can make the glass more stable than 
the fast quenching, therefore reducing the intensity of β 
relaxation in MGs, even if it can never totally suppress the 
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Fig.3  Schematic diagram of β and α relaxations from the perspective 

of potential energy[41]
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relaxation[24,48]. Yu[24] and Rodney[49] et al showed that the
activation energy of the β relaxation is equivalent to the 
energy barrier of STZ, namely an elementary plastic 
rearrangement, indicating a close correlation between this
relaxation mode and plasticity, or inhomogeneous local atomic 
motion, in MGs. Thus, to a certain extent, the deformation 
mechanisms of MGs can be altered by controlling the β 
relaxation. The modulation of the β relaxation can tailor the 
structural inhomogeneity of MGs and tune the macroscopic 
flow, eventually enhancing ductility[17]. Generally, the β 
relaxation can be modulated by designing optimal 
composition of MGs, changing the cooling rate, and applying 
a non-affine strain to the system[33,50–52]. For instance, in the La-
based MG with a proper addition of Ni and Al, a strong β 
relaxation peak can be observed, compared with the status in 
traditional Cu-based MG, as shown in Fig. 5[53]. Fig. 6 shows 
the normalized stress-tensile strain curve of La-based MG, 
indicating that La-based MG has a better tensile plasticity, 
whereas the behavior of Cu-based MG is more brittle[53].

In addition to the significant primary α relaxation and 
secondary β relaxation, a third relaxation mode, fast β 
relaxation (namely β′ or γ relaxation) can be observed[42,54–57]. 
This process occurs at very low temperature positions (0.2Tg–
0.3Tg), and it can be considered as an extra small peak in DMS 

spectra, as shown in Fig. 7[57], where the activation energy is 

lower than that for the slow β relaxation. It is generally 

believed that it is associated with a non-affine atomic 

rearrangement arising from atomic-level thermal stress 

generated during cooling[57], as illustrated in Fig.4a. However, 

the underlying physical mechanisms of this process remain 

unclear, and further analysis should be conducted for deeper

Thermal agitation

Fast β′ relaxation Slow β relaxation α relaxationa b c

Fig.4  Schematic diagrams of atomic-scale mechanisms of different relaxation modes[42]: (a) fast β′ relaxation caused by local non-affine atomic 

displacements; (b) slow β relaxation with local structural rearrangements; (c) α relaxation with percolation of local relaxations spanning the 

entire system
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understanding of this relaxation mode.

33  Numerical Simulation Methods  Numerical Simulation Methods

Different simulation techniques are used to study the 
material properties, depending on the relevant time and length 
scale. Two basic simulation methods, molecular dynamics 
(MD) and Monte Carlo (MC), are commonly adopted to 
investigate the structure, dynamical relaxations, as well as the 
mechanical behavior of MGs.
3.1  MD simulations 

MD is a widespread technique to study the mechanical 
behavior of MGs and glasses, since it can shed light on the 
atomic structure and on the atomistic processes responsible 
for the mechanical behavior of MGs, which cannot be entirely 
detected by experimental techniques[19].
3.1.1　General principles

MD is a computational method that can simulate the time-
dependent behavior of particles and generate atomic positions 
and velocities by numerically solving the Newton 􀆳s equations 
with given initial conditions[58–59]. In this case, MD is a 
deterministic technique, and the dynamic process has a time-
reversal symmetry[60]. In order to integrate the equations of 
motions, an interaction potential between the particles has to 
be specified to obtain the interatomic forces used for Newton􀆳s 
equations. The choice of a proper interatomic potential that 
can reliably describe the structure and the physical properties 
of the system is one of the main challenges of MD 
simulations. Generally, the accuracy of MD simulations 
depends on the initial configuration, the value of the 
integration timestep (usually of the order of 1 fs), and the 
interatomic potential energy.

Since MD simulations focus on microscopic quantities 
(positions and velocities of particles), it is useful to define a 
Gibbs ensemble in order to predict the macroscopic properties 
of a large system based on the average of a large number of 
possible microstates. Depending on the given experimental 
conditions, a relevant ensemble should be defined. For 
example, an isolated system corresponds to the 
microcanonical ensemble. However, an isolated system does 
not always simulate practical experimental conditions. In the 
experiments, the system is either in contact with a heat bath or 
has an imposed pressure, or both. Thus, a closed isothermal 
system corresponds to the canonical ensemble (NVT) or to the 
isothermal-isobaric ensemble (NPT) [61]. Typically used 
thermostats and barostats in MD are Nosé -Hoover type, 
consisting in adjusting the atomic velocities to reach a target 
temperature for the thermostat[62] and adjusting the system 
volume to reach a target constant pressure for the barostat[58].
3.1.2　Interatomic potentials

One of the indispensable parts of classical MD simulations 
is the potential energy describing the interaction between 
particles in the system[63]. In ab-initio MD simulations, the 
interatomic interactions are based on first-principle 
calculations, and classical MD simulations rely on empirical 
interatomic potentials describing the interactions between the 

atoms. Many studies on MGs have used simple pair potentials, 
such as the Lennard-Jones potential[64–66]. In spite of their 
simplicity, the simulations based on these potentials can 
provide significant insight on some physical properties of the 
glass transition and on the relaxation behavior[67]. However, 
pair potentials have intrinsic restrictions when applied to 
metallic systems. For example, systems with pair potentials 
always satisfy the Cauchy relation C12=C44 between elastic 
constants, whereas metallic systems typically strongly disobey 
the Cauchy relation[68]. In addition, pair potentials cannot 
describe the volume dependency of potential energy, which is 
important in metallic systems[69]. Thus, it is essential to include 
multi-body interactions to study the relaxation behavior of 
metals and alloys in a more realistic way. A commonly used 
interatomic potential for MGs is the embedded atom method 
(EAM) potential[70]. In this method, the total energy Ui of atom 
i is given by Eq.(4), as follows:

Ui = Fα

é

ë

ê
êê
ê ù

û

ú
úú
ú∑

j ≠ i

ρβ (rij ) +∑
j ≠ i

Φαβ (rij ) (4)

where subscripts α and β are the atom types; F is the 
embedding function, i.e., the energy to place atom i of type α 
in the electronic cloud of the other atoms; ρ is the electronic 
density; Φ is a pair-wise potential function; rij is the atom 
distance between atom i and atom j. Usually, Eq. (4) is 
performed on all atoms located within a cutoff radius rc, 
assuming zero energy when rij exceeds rc. The parameters F, ρ, 
and Φ are optimized for a given material in order to match the 
experimentally measurable properties, such as density, lattice 
parameters, elastic constants, cohesive energy, melting point, 
and bulk modulus. In some cases, the properties are obtained 
by ab-initio MD simulations. A widely used parametrization 
of EAM is given by the Mendelev potential[71], which is 
usually employed for the alloys, such as CuZr binary alloy, a 
prototypical material model studied by MD simulations for its 
simplicity. Another type of multi-body potential is represented 
by the Sutton-Chen (SC) potential, which is a long-range 
Finnis-Sinclair potential with a simple power law form, as 
expressed by Eq.(5), as follows:

Ui =
1
2∑j ≠ i

ε ijV (rij ) - ciεii ρ
1/2
i (5)

where V(rij) = (αij/rij)
n is a repulsive pair potential between 

atoms i and j due to Pauli 􀆳 s repulsion between electronic 

clouds; ρ i =∑j ≠ i[ ]αij /rij

m

 is a local energy density of atom i 

(α is a typical length parameter); ε sets the overall energy 
scale; ci is a dimensionless parameter. As for EAM potential, 
the parameters of SC potential can be optimized to reproduce 
experimental properties[72] or can be obtained by fitting the 
results of first-principles ab-initio calculations. For example, 
Landa et al[73] proposed a parametrization of the empirical 
multi-body SC potential for Pb-Bi and Pb-Ni systems using 
both experimental data and physical quantities derived by ab-
initio calculations. Faruq et al[74] used first-principles 
calculations to fit the SC potentials for the Pd-Si system. 
Finally, the second-moment approximation (SMA) of the tight-
binding (TB) scheme, TB-SMA, is an empirical interatomic 
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potential vastly employed in the research for metallic systems, 
particularly for the transition-metal alloys. In this model, the 
potential energy of atom i, namely Ui, is written as the sum of 
a repulsive term Ui,R and an attractive term Ui,B:

Ui=Ui,R+Ui,B (6)

Ui,R =∑
j

Aαβexp
é

ë

ê
êê
ê ù

û

ú
úú
ú

-pαβ( )rij

r αβ0

- 1 (7)

Ui,B = -
ì
í
î

ïï
ïï

ü
ý
þ

ïïïï

ïï
∑

j

ξ 2
αβexp

é

ë

ê
êê
ê ù

û

ú
úú
ú

-2qαβ( )rij

r αβ0

- 1

1
2

(8)

where subscripts α and β are atom types; r αβ0  is the first-
neighbor distance; ξαβ is an effective hopping integral; Aαβ is a 
constant depending on the experimental values; pαβ is related 
to the compressibility of the bulk material; qαβ is related to the 
tensile capacity of material. TB-SMA potential has been used 
to simulate the glass-forming ability of binary Ti-Co alloys[75], 
the dynamic properties of PdAuPt ternary nanoparticles[76], the 
mechanical properties of CuZrTi MGs[77], and the structure 
and glass-forming ability of CuZrCo MGs[78]. The parameters 
of the TB-SMA potential for these systems were optimized 
and adjusted to reproduce cohesive energy, density, and elastic 
constants of the real systems[79].

It is further noticed that the number of parameters in the 
empirical potentials used to describe binary alloys is rather 
limited. As soon as the number of elements increases, the 
description of the interatomic interactions between different 
pairs of elements becomes increasingly complex, since the 
number of to-be-optimized parameters scales with the square 
of the number of elements[80]. Moreover, a given 
parametrization of an interatomic potential is often developed 
for a certain range of temperatures and pressures with a given 
glass composition, so the transferability to other experimental 
conditions cannot be guaranteed[81].
3.1.3　MD for DMS

In order to perform MD simulations of DMS to study 
dynamical relaxation in MGs, the MG structure has to be 
created firstly. One of the most common methods to prepare a 
glass by MD is the melt-quenching process to simulate the 
real experimental process of glass preparation[82], as illustrated 
in Fig. 8. Once the interatomic potential and the simulation 
box dimensions have been chosen, which is usually conducted 
by imposing periodic boundary conditions (PBCs) to simulate 
a bulk sample, the first step is to prepare an initial 
configuration, for example a crystalline structure if the crystal 
with the same composition as that of the glass exists, or 

alternatively a random distribution of atoms[61]. The number of 
atoms and the box dimensions are usually chosen to match the 
experimental density of the glass. Then, the initial 
configuration is heated up to high temperature Thigh (higher 
than the melting point) in order to completely melt it. At this 
point, the system is stabilized for a certain time (annealing) in 
order to equilibrate the liquid sample. After this equilibration 
stage, the sample is cooled down with a constant cooling rate 
until reaching the low temperature Tlow. The cooling process 
can be performed in NVT or in NPT ensemble with the latter 
being closer to the experimental procedure of glass 
preparation. Typical values of cooling rates used in MD 
simulations are 108–1014 K/s, which are much larger than the 
experimental cooling rates. The system is then relaxed at Tlow 
for a certain time (usually a few nanoseconds are enough) in 
order to create a stable glass structure. It is possible to 
estimate the glass transition temperature Tg through the 
evolution of internal energy, enthalpy, or the volume of the 
simulation box as a function of temperature during the cooling 
process, and the point where the slope of the curve drastically 
changes can be identified. If the potential energy is monitored 
as a function of time, a plateau during the relaxation signals 
that the glass structure is well stabilized. Furthermore, the 
structural analysis, including coordination number, pair 
distribution function, or structure factor, can be useful to 
assess the amorphous character of the glass[58,83]. In order to 
achieve a statistically well relaxed glass structure, it is useful 
to perform the melt-quenching procedure several times, and 
the results obtained by different simulations are averaged for 
further analysis. In order to simulate DMS by MD at different 
temperatures, the glass is firstly heated at the target 
temperature and then isothermally equilibrated at this 
temperature with zero pressure for a few nanoseconds[25,84–85]. 
Then, an oscillatory strain in the form of εxx= εAsin(ωt) with     
ω=2π/Tω (Tω is the period of the applied strain) is applied in x 
direction, for instance. The amplitude εA has to be small enough 
to ensure that the glass remains in the elastic regime, but not 
too small to prevent the too low signal-to-noise ratio. Typically, 
εA≈1% is an optimal value. Different loading conditions can be 
applied, such as a constant volume and uniaxial/longitudinal/
isostatic deformation[86]. The resulting stress σxx in x direction 
is monitored and fitted by a sinusoidal function, σxx= σ0+ σA×  
sin(ωt + δ), where σ0 is a small offset used to increase the 
numerical accuracy of the fit. The dynamic moduli and the 
loss factor are then obtained by Eq. (2–3). Several cycles are 
often performed to obtain a more accurate estimation of the 
dynamic moduli. Fig.9 shows a DMS cycle where a sinusoidal 
strain is applied under constant-volume conditions, and the 
stress is fitted by a sinusoidal function[86]. The stress curve 
contains a certain level of noise that can be reduced by either 
increasing the number of cycles or increasing the amplitude 
εA, provided that the deformation remains in the elastic 
regime. Besides, the typical values of the frequencies 
accessible to MD simulations range from 1 GHz to 100 GHz, 
which are several orders of magnitudes higher than the 
experimental frequencies (usually below a few kilohertz).
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3.1.4　Strengths and limitations

MD is a useful technique to study complex systems, such as 
MGs, since it can provide atomic-level insights on phenomena 
occurring at the molecular scale, allowing to rationalize the 
atomistic mechanisms at the origin of various physical 
processes. For example, MD studies on the glass-forming 
ability have identified the role of atomic size effects[87] and the 
correlation between atomic structure and transport proper-
ties[88]. It is also possible to shed light on the deformation 
mechanisms of MGs, unravelling some features of STZ nu-
cleation and shear band formation[89–90]. Concerning dynamical 
relaxations, the role of short-range order (SRO), namely the 
distribution of icosahedra clusters, on the α relaxation 
behavior was investigated by MD simulations[91]. The atom-
istic mechanisms responsible for the β relaxations have also 
been identified[24–25,34–35]. Recent studies by MD simulations 
reported the origin of dissipation in MGs and the connection 
between the atomic mobility and the local microstructure[86].

In spite of the possibilities offered by MD to describe 
phenomena at the atomic scale, many limitations have still to 
be overcome. The first limitation concerns the timescales 
accessible to MD simulations. In fact, the simulation duration 
depends on the integration timestep, which should be small 
enough to avoid discretization errors in the integration of the 
atomic equations of motion, and the sum of the timesteps must 
be large enough to capture the macroscopic effect in a 
reasonable time. A typical value of the timestep is of the order 
of 1 fs. Therefore, the timescale of MD simulations is often 
limited to the range of a few picoseconds to a few 
microseconds. For example, the cooling rates used in MD 
simulations are much faster than the experimental ones, thus 
creating a systematic difference between experimental and 
simulated glasses[92], and often resulting in not well-relaxed 
glass structures. Moreover, during deformation simulation, 
extremely high strain rates, usually higher than 107 s−1 are 
applied to the system. In the cyclic deformation, the frequency 
of the applied cycle is also very high, compared with the 
experimental values, which often results in high yield stress, 

compared with that obtained from experiments.
In order to overcome the timescale limitations of standard 

MD, some approaches combining MD with sampling methods 
have been proposed. Metadynamics is one of these methods, 
allowing to enhance sampling of rare events and exploring 
free energy landscapes of a system, which is particularly 
useful for systems with barriers that are difficult to cross 
within standard MD timescales[93]. This method is very 
practical, because it allows to reduce the dimensionality of a 
large systems with 3N (N is the number of particles in the 
system) degrees of freedom to one or two degrees of freedom, 
i. e., collective variables (CVs), which describe the system 􀆳 s 
essential dynamics, such as the distance between atoms or 
molecular groups, bond angles, or the principal components of 
atomic positions. However, a proper choice of CVs is critical, 
since inappropriate CVs choices can restrict exploration or 
bias the results. Furthermore, a time-dependent bias potential 
is added to explore configurations that are rarely investigated 
under standard MD. The bias fills in free energy minima as 
the simulation progresses, allowing the system to escape these 
traps. After sufficient sampling, the accumulated bias potential 
approximates the free energy landscape. The analysis of this 
landscape allows to identify the stable states, compute the 
energy barriers, and study the sequence of explored 
configurations in order to understand reaction pathways, 
transitions, and mechanisms. Different variants of 
metadynamics have been proposed, such as well-tempered 
metadynamics[94], parallel bias metadynamics[95], and bias-
exchange metadynamics[96].

Another restriction of MD simulations concerns the 
accessible length scale. Due the high computational cost, MD 
simulations are limited to small systems with linear 
dimensions up to a few tens nanometers. With the 
development of computer science, the sample size can reach 
millions of atoms nowadays. Although PBCs are used to 
simulate bulk systems, the limited size of simulated glasses 
can affect the accuracy of the simulations[80], leading to 
inferior statistical sampling[97] and large fluctuations in the 
thermodynamic properties for too small systems[98].
3.2  MC techniques

MD is the most common simulation method to detect the 
dynamics at atomic scale and thus to study dynamical 
relaxations in glasses. However, due to the timescale 
limitations of this technique, other simulation methods have 
been proposed in order to fully explore the potential energy 
landscape and to overcome the potential energy barriers in an 
accessible timespan to find the potential energy minimum[99]. 
One of the simplest and most used techniques is the energy-
based MC method.
3.2.1　General principles

MC method consists in randomly choosing an atom in a 
simulation box containing N atoms and trying to move it 
randomly in the box within a certain maximum fixed distance 
in all directions. Whether this movement is accepted follows a 
given acceptance rule[58,100]. One of the most used acceptance 
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rules is the Metropolis algorithm, which is based on an energy 
criterion. If the system energy in the present configuration is 
E, and the system energy after attempting a random movement 
of an atom is E′, the movement is accepted with the following 
probability (P) formula[58]:

P =
ì
í
î

1                                              E′ ≤ E

exp[ ]-( E′ - E ) /kBT         E′ > E
(9)

In practice, if the system energy after the movement 
decreases, the movement is always accepted. Otherwise, a 
random number ξ is generated uniformly between 0 and 1, and 
it is compared with the term exp[−(E′−E)/kBT]. If ξ<exp[−(E ′
− E)/kBT], the movement is accepted. Usually, one MC 
timestep corresponds to N attempted movements. The 
maximum allowed displacement of an atom during movement 
is an important parameter that requires careful selection: this 
displacement must not be too small, as it would prevent a 
large number of movements from being ignored, thereby 
failing to fully explore the phase space; nor can it be too large, 
as most movements would be rejected. In practice, this 
parameter is adjusted during the simulation to yield an 
acceptance ratio of approximately one half of the 
movements[58].

MC method allows to accelerate the exploration of the 
phase space and potential energy landscape with respect to 
MD, thus allowing to obtain better relaxed glasses[101–102]. 
Different variants of MC method have been proposed to 
enhance the performances of this technique.
3.2.2　Reverse MC (RMC) and swap MC (SMC) methods

Refinements and variations of MC technique have been 
suggested to improve the agreement with the experimental 
glass structure and to speed up the convergence to a minimum 
energy state. Concerning the first point, RMC method was 
introduced[103] in order to overcome the drawbacks of simple 
MC simulations, which often generates in-silico structures not 
matching the experimental ones. In fact, the basic principle of 
RMC method is the same as that of MC method with the extra 
feature that the resulting glass structure has to satisfy some 
constraints imposed by experiments[104], eventually yielding 
more realistic structures. Particularly, a cost function is 
defined as related to the difference between the simulation 
results and the experimental reference. For instance, the pair 
distribution function yields a global characterization of the 
atomic structure of the system[105]. The objective of RMC 
method is to minimize this cost function by a Metropolis-like 
algorithm[106] and therefore to provide atomistic structures in 
very good agreement with experimental data. Thus, RMC 
method can be used to construct atomic structural models of 
MGs[107–108] and can offer a practical tool to model glass 
structures and dynamical relaxations, when reliable 
experimental data are available[109].

Regarding the second point, i. e., a faster convergence to a 
minimum state in the potential energy landscape, SMC 
algorithm is adopted, which provides an efficient way to 
produce equilibrium configurations of a supercooled 
liquid[20,101–110] with effective equilibration time much shorter 

than the experimental structural relaxation time. Besides 
attempting to displace particles as in the standard MC method, 
an extra move can be applied in SMC method, consisting in 
exchanging the diameters of two randomly chosen particles or 
equivalently their positions, with an acceptance rule based on 
the Metropolis criterion. It can be shown that this method 
respects the detailed balance principle and can therefore yield 
a final equilibrium state[111]. The frequency of the swap moves 
and the range of particle diameters can be tuned to optimize 
the efficiency of SMC method. SMC method was firstly 
introduced to study hard-sphere systems[112] and then extended 
to investigate the glass transition of a binary mixture of soft 
spheres[113]. Recently, Ninarello et al[110] used SMC simulations 
to analyze the role of different features for both discrete and 
continuous mixtures, including size polydispersity, particle 
softness, and non-additivity of interactions. They found a gain 
up to 10 orders of magnitude in the equilibration time with 
respect to that of the standard MC method, even close or 
below Tg, thus allowing to measure physical properties over a 
wide range of temperatures under experimental conditions.

SWC algorithm can be also implemented within MD 
framework, replacing the swap moves by an exchange 
between the system and a reservoir of particles[101,114–116].
3.2.3　Strengths and limitations

MC-based simulations are an interesting alternative to MD 
simulations to overcome the limitations of the melt-quenching 
procedure in order to generate glass structures that are 
independent of the choice of the cooling rate. However, these 
simulations are not necessarily physically based, and they 
cannot capture the spontaneous evolution of the system 
towards lower-energy states, thus generating structures 
probably very dissimilar to those of real experimental 
glasses[117]. Although RMC simulations can obtain glass 
structures matching the experimental available data, they 
cannot provide a physical insight in the dynamics of the atoms 
in glass, compared with MD simulations[118–119]. Moreover, the 
method of RMC simulations to minimize the cost function is 
intrinsically ill-defined, since a given indicator (such as the 
pair distribution function, which is a one-dimensional 
signature) can be associated with several different three-
dimensional structures[118]. Overall, SMC simulations do not 
rely on the minimization of a cost function to match the 
obtained structures with experimental data and can produce in-
silico glasses with an efficient sampling of the phase space, 
particularly for the polydisperse systems. In the systems with 
identical or nearly identical particles, swapping may not lead 
to significant configurational changes. This restricts the utility 
of the method, because the swaps do not meaningfully 
enhance exploration of the phase space[20]. Moreover, systems 
with strong structural constraints, such as ordered crystals or 
networks, may not benefit from swapping, because proposed 
swaps often lead to energetically unfavorable configurations 
that are likely to be rejected[110]. At very low temperatures, 
swap moves are often rejected, because they tend to increase 
energy significantly. This makes SMC method less effective 
for studying the systems near their ground state or in highly 
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ordered regimes. Careful consideration of system properties 
and combining swap moves with complementary techniques 
can help mitigate these restrictions.

In conclusion, MD and MC methods represent different and 
complementary techniques, but they are both very useful to 
understand different aspects of the relaxation dynamics in 
MGs and even in amorphous glassy materials. However, MD 
method has been largely predominant in the researches to 
investigate dynamical relaxations. In fact, since the relaxation 
is essentially a kinetic non-equilibrium phenomenon, MD 
simulations are more suitable to study the non-equilibrium 
dynamics of amorphous solids with respect to MC 
simulations, which are originally developed to investigate the 
equilibrium properties by performing configurational averages 
of thermodynamic quantities, or to study the static structure of 
liquids. However, in the last two decades, MC simulations are 
increasingly used in the researches beyond the scope of 
structure or the thermodynamics. With the development of 
more sophisticated approaches based on local moves and 
algorithms surpassing the Metropolis acceptance rule, more 
efficient and rapid sampling of the phase space can be 
conducted when the temperature approaches Tg

[120]. Local MC 
method can thus be considered as an efficient alternative to 
MD method to obtain not only static results but also dynamic 
properties of supercooled liquids[20], allowing to assess data in 
a much longer time and to study the long-time dynamics that 

is inaccessible by simple MD simulations. However, the 
drawback of MC method is that it often produces unphysical 
trajectories in the phase space in order to achieve a faster 
sampling. That is the reason why MC method is used to 
produce well-equilibrated initial configurations of supercooled 
liquids. These configurations serve as input to MD 
simulations for further study of dynamic relaxations at lower 
temperatures. Moreover, MD simulations can also provide a 
closer physical understanding of the atomic-scale features and 
mechanisms at the base of different relaxation modes and 
simulate the experimental DMS technique to investigate the 
viscoelastic properties of MGs, which would be less 
straightforward by employing MC techniques.

44  Key Findings on Dynamical Relaxations by   Key Findings on Dynamical Relaxations by 
Numerical SimulationsNumerical Simulations

4.1  Primary relaxation

The slowing down of the dynamics during liquid cooling 
process to the glass transition temperature is one of the main 
features of the α relaxation process, which requires atomistic 
understanding and is therefore a subject of studies focusing on 
the atomic-scale dynamics of a supercooled liquid near Tg. 
The relaxation dynamics can be characterized by the 
relaxation function ϕ(t), as defined in Eq. (1). Usually, in 
computational studies, the relaxation function is assimilated to 
the self-part of the intermediate scattering function (SISF)     
Fs(q, t), which characterizes the single-particle dynamics of a 
system of N particles[110]:

Fs (q,t ) =
1
N∑j

exp{ }iq·[ ]rj ( t ) - rj (0 ) (10)

where q is the wave vector, usually corresponding to the first 
peak of the static structure factor; ·  denotes an ensemble 
average; other parameters are explained in Ref. [110]. It is 
known that for the liquids, the relaxation occurs in an 
exponential form, i. e., ϕ(t)~exp( − t/τ); while for the super-
cooled liquids, it is related to a stretched exponential behavior, 
given by the Kohlrausch-Williams-Watts (KWW) equation,    
i.e., ϕ(t)~exp(−t/τ)β, where β is the stretching exponent[121]. The 
exponent β <1 for most glass-forming liquids, signaling a 
stretch relaxation due to a more sluggish dynamics[23]. 
Currently, the origin of the stretching behavior is not clearly 
established, and it is believed that it is either a consequence of 
the dynamical heterogeneity in different regions of spaces or a 
result of local relaxation[122–123]. Shang et al[124] investigated this 
debated issue by MD simulations of a binary Lennard-Jones 
mixture subjected to a sinusoidal strain simulating DMS 
experiment. They defined local elastic moduli by only a small 
region of the sample relaxed in isothermal conditions and 
measured the local stress in this region. They found that the 
exponent β ≈0.3 does not change with the size of the local 
region, and its value is the same as that obtained for the global 
elastic modulus, suggesting that the material locally relaxes 
following the same process as in the bulk sample. However, 
the local relaxation time displays a broad distribution, even if 
the stretching does not depend on this distribution or the local 
features. Overall, the dynamical relaxation is a very complex 
phenomenon that cannot be understood solely in terms of 
dynamical heterogeneity, and it requires a full understanding 
of the non-trivial scale dependence due to the energy barriers 
governing the relaxation process.

Sun et al[125] investigated the relaxation mechanisms of 
different MGs by MD simulations. By studying the time 
evolution of SISF at different temperatures, their results 
revealed two main kinds of relaxation mechanisms. In fact, 
the exponent β decreases from 1 (far above Tg) to 3/5 
(approaching Tg) and further to 3/7 (far below Tg), as shown in 
Fig. 10. The exponent β =3/7 was also found in stress-
relaxation experiments of several MGs, suggesting a universal 
mechanism governing aging below Tg, and it can thus be 
considered as an indicator of the α relaxation. A 
microstructural explanation of β=3/7 was given in terms of the 
evolution of cavity volume during stress relaxation, which 
also follows a stretched exponential decay with the same 
exponent value (3/7). Thus, it can be correlated to physical 
aging. Moreover, after aging, the large cavities strongly 
decrease in number and size, and they can therefore be 
considered as seeds contributing to the relaxation dynamics. 
However, with the further decrease in temperature under the 
glass state, a dynamical crossover can be observed from a 
stretched exponential with β<1 in the supercooled liquid to a 
compressed exponential with β>1 in the metastable glass state 
for a Mg-based MG[126]. This transition is essentially due to the 
internal stress relaxation. Wu et al[91] reported similar 
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phenomenon for Cu50Zr50 MG by MD simulations. The 
relaxation functions of different atomic environments formed 
by icosahedral clusters of different connectivity were defined 
as the number of 12-fold coordinated Cu atoms that are 
neighbors of a given 12-fold coordinated Cu atom. The results 
show that clusters with small connectivity, i. e., isolated 
icosahedra, are characterized by an exponent β <1 with a 
liquid-like behavior, whereas icosahedra with large 
connectivity display a compressed relaxation with β >1 and 
solid-like behavior. In MGs, these two relaxation processes 
can coexist, giving rise to a very complex behavior. The 
crossover between these two dynamical behavior strongly 
depends on temperature, wavenumber, and length scale. For 
the wavenumber of small values, i. e., when the relaxation is 
detected on larger length scales, β is larger, and the relaxation 
dynamics is faster. While for wavenumbers of larger values, 
the dynamics is related to supercooled liquid. The icosahedra 
with high connectivity form rigid structures, which can move 
in a viscous surrounding medium, and the movement is driven 
by local internal stresses.
4.2  Secondary relaxation 

Besides the primary relaxations, other types of relaxations, 
such as secondary relaxations, occur in amorphous materials 
at lower temperatures. The most outstanding of the secondary 
relaxations is the slow β relaxation, which is related to other 
properties of glasses, such as plasticity, aging, diffusion, and 
crystallization. Secondary relaxations can be detected in 
experiment, but a clear understanding of their microscopic 
origin is still obscure. Numerical simulations have contributed 
to elucidating the basic mechanisms responsible for these 
dynamical relaxations. For instance, in some MGs, β 

relaxation is more prominent, showing a distinct peak; 
whereas for other MGs, only an excess wing is detected in the 
relaxation spectra. The mechanism of this difference can also 
be explained by numerical simulations. To capture the 
phenomenology of the β relaxation by atomistic simulations, 
one of the main issues is the timescale limitation. In fact, β 
relaxation merges into α relaxation at the temperature close to 
Tg, but it can be distinguished from the main relaxation only in 
the glass state, where the dynamics becomes much slower. 
Thus, in order to fully observe the β relaxation, the simulation 
time should be of the order of the microsecond, which 
requires a considerable amount of time for central processing 
unit. Yu et al[34–35] performed extensive long-time MD 
simulations of DMS of different MGs to detect the β 
relaxation. Particularly, the cooling rate used to generate the 
glass structure was 2 – 3 orders of magnitude smaller than 
typical cooling rates used in MD, and the lower frequency of 
the sinusoidal strain was set to 10 MHz, allowing to simulate 
the dynamics up to the microsecond timescale. By analyzing 
the probability distribution of the atomic displacement 
vectors, they found that MGs possessing a pronounced β peak 
have a larger fraction of fast-moving atoms, and the peaks of 
the displacement probability distribution correlate with the 
peak of the radial distribution function. As a consequence, 
atoms with large displacements rearrange in a cooperative 
manner by atomic jumps from one stable position to another 
through correlated hops. As shown in Fig.11a, one atom jumps 
to the position that is previously occupied by another atom in 
its nearest or second-nearest neighbor shell. These correlated 
cooperative hops manifest themselves in the form of string-
like configurations, which can be linear, loop-like, or 
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Fig.11  Scheme diagrams of string-like motion mechanism (a) and typical string-like configurations obtained from MD simulations (b)[34]
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aggregated, as shown in Fig. 11b, and these hops are 
sequentially activated in time. In MGs with the β relaxation as 
the more prominent mode, the string-like configurations are 
more abundant, and they are also larger in size, compared with 
other MGs only exhibiting an excess wing, where string-like 
motions are scarcer, and the strings are smaller. A typical 
comparison between two prototypical MGs, Ni80P20 MG with a 
well pronounced β peak and Y65Cu35 MG with an excess wing, 
is shown in Fig.12. It is evident that the dynamics of Ni80P20 
MG is characterized by more string-like motions than Y65Cu35 
MG, and the string-like configurations are longer. Ref. [127], 
in which a Lennard-Jones binary mixture was studied by MD 
simulations, also associated the microscopic physical origin of 
the β relaxation rather than the localized atomic 
rearrangements. Correlated motions resembling to string-like 
configurations of long chains of atoms were observed in a 
similar way as those in Ref. [35], suggesting that β relaxation 
is a cooperative phenomenon, but it is not an extension of the 
α process. Thus, a correlation is established between string-
like motion and β relaxation, and long strings have a larger 
contribution to the β relaxation. Moreover, the calculated most 
probable time of the string-like motions matches quite well 
with the β relaxation time in a wide range of temperatures, 
further corroborating the link between string-like motion and 
β relaxation[35]. The calculation is conducted by locating the 
peak of the time evolution of the number of atoms in a string 
normalized to the number of fast-moving atoms. In order to 
understand why different MGs have different amount of string-
like configuration and thus more or less pronounced β 
relaxations, Yu et al[35] showed that caging properties can 
influence the string-like motions, since atoms have to escape 
from their cages in order to form a string-like configuration. 
They monitored the cage breaking fraction of Ni80P20 and 
Y65Cu35 MGs as a function of time. For Ni80P20 MG, the cage 
breaking fraction is larger and increases more rapidly with 
time, compared with Y65Cu35 MG, indicating that cages are 
easier to break. When cages break sooner, string-like 
cooperative motion sets in more easily at earlier time, yielding 
a sharper β relaxation. On the contrary, the presence of an 
excess wing rather than a peak for Y65Cu35 MG is because the 
atoms leave the cages late and do not have time to develop 
string-like motions, since α relaxation occurs. In order to 
detect the β relaxation in atomistic simulations, it is therefore 

necessary to extend the simulation time for sufficient 
observation of cage breaking and subsequent formation of 
string-like motion, which is possible only if the observation 
time reaches the microsecond timescale. Therefore, string-like 
motions constitute the basic event of β relaxation. It is shown 
by atomistic simulations and percolation analysis that the 
strings intertwine to form mobile clusters, which merge with 
their neighbors to form larger clusters until percolating 
through the whole space[128]. This percolation transition signals 
the occurrence of β relaxation, and it has the same time and 
temperature dependence as the β relaxation. Percolation 
emerges universally when about 10% of the atoms are mobile.

It is widely recognized that the β relaxation is intrinsically 
linked to plasticity of MGs[32,129–130]. Zhou et al[15] implemented 
MD simulations with metadynamics in order to overcome the 
timescale limitations of standard MD, allowing to generate 
transition-state trajectories on experimentally relevant 
timescales, up to milliseconds. They revealed that atoms 
participating in STZ tend to form string-like motions, and the 
characteristic time of this motion corresponds to that of β 
relaxation. In some systems, due to their unique structural 
feature, such string-like motions are easily excited and not 
spatially confined, as in the case of Al90Sm10 MG, which 
exhibits a significant β relaxation feature. Such MG is also 
easily deformed on the macroscopic scale. In other systems, 
such as Y65Cu35 MG, the string-like motion is suppressed by 
the large frozen environment. Therefore, the string-like 
collective motion is difficult to be excited and does not 
propagate, leading to a general lack of significant β relaxation 
and relatively less deformability at ambient temperature or at 
conventional time scales. Moreover, Yu et al[24] suggested that 
the activation energy of β relaxation in MGs is approximately 
equivalent to the potential energy barrier of STZs. This is 
similar to the atomistic simulation results of a two-
dimensional Lennard-Jones glass, where the activation-
relaxation technique was used to explore the potential energy 
landscape[49]. These findings imply an intrinsic correlation 
among slow β relaxation, activation energy of STZs, and the 
heterogeneous atomic structure of MGs. Based on these 
results, Priezjev et al[67,131] studied the mechanical relaxation of 
cyclically deformed binary Lennard-Jones glasses by MD 
simulations, and found that during the mechanical annealing, 
the potential energy decreases, following a logarithmic decay 

ba

Fig.12  Atomic displacements vectors for Ni80P20 MG (a) and Y65Cu35 MG (b)[35]
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with the number of cycles. This result indicates a slow 
structural relaxation phenomenon. The mechanical annealing 
process is associated with intermittent plastic rearrangements, 
whose typical size is reduced as the system is relocated to 
progressively lower energy states upon cyclic loading[131]. 
Thus, atomistic simulations can provide physical insight into 
the microscopic origin of plastic deformation in MGs and 
even disordered materials.

Besides the slow β relaxation peak, DMS experiments have 
shown that the relaxation spectra become asymmetric near Tg, 
thus developing an excess wing[132–134]. The microscopic origin 
of these excess wings is rather unclear, since they are difficult 
to be detected in atomistic simulations. Recently, Guiselin et 
al[135] detected the excess wing in a size-polydisperse mixture 
of soft repulsive spheres, using SMC method to generate glass 
equilibrium configurations combined with MD simulations up 
to very long time scales (20 ms). Excess wings can only be 
accessed if the observation time is long enough to distinguish 
them from the main structural relaxations. They studied the 
dynamic susceptibility χ′′(ω) (Fourier transform of SISF) and 
observed a development of a power-law by lowering temper-
ature (Fig.13a)[22] with an exponent of 0.38. By analysis of the 
atomic structure, they found that the excess wing is due to a 
sparse population of relaxed localized regions over broadly 
distributed timescales (Fig.13c), whose relaxation time follows 
a power-law with the same exponent of 0.38 (Fig. 13b). In 
Fig. 13c, the particles are colored according to the bond-
breaking correlation from blue (immobile) to red (relaxed). 
The excess wing is interpreted as a broad underlying 
distribution of relaxation time scale compressed by dynamic 
facilitation in a long time. From this perspective, the computer 
simulations can provide physical atomic explanations of 
phenomena that are experimentally inaccessible.

The β′ relaxation is another kind of secondary relaxation 
observed in MGs, whose underlying physical mechanisms are 
still unclear. Through MD simulations of Al90La10 MG, Chang 
et al[136] revealed that the β′ relaxation is due to the string-like 
diffusion of liquid-like atoms, which are inherited from the 
high-temperature liquid and exhibit a liquid-like behavior, 
including comparable activation energies and low viscosities. 
Yu et al[137] also observed the liquid-like clusters at low 
temperatures with a damping factor close to that of liquids and 
reduced shear modulus, but those clusters had very low 
diffusion. They stated that these clusters are responsible for 
the β′ relaxation. The presence of faster secondary relaxations 
has also been reported in thin metallic films of Cu50Zr50 by 
MD simulations[138]. In this system, a multistep relaxation is 
observed in SISF, allowing to distinguish a fast β′ mode and a 
slow β mode, due to the enhanced mobility of the atoms near 
the surface. For the β relaxation, the main atomic mechanism 
is identified with atoms hopping out of the cage region; while 
for the β′ relaxation, a cooperative string-like hop of the atoms 
is responsible for the relaxation process.

Another interesting manifestation of the secondary relaxa-
tions in MGs is represented by the boson peak phenomenon, 
which is related to an excessive low-frequency vibrational 
density of states. This is a characteristic of disordered glassy 
solids, deviating from the Debye model[139–140]. The explanation 
of the boson peak is still controversial, and its underlying 
physical mechanisms have not been well elucidated yet. Yang 
et al[141] performed MD simulations on Cu50Zr50 MG and 
calculated the vibrational density of states g(ω) by the Fourier 
transform of the velocity autocorrelation function. They 
clearly observed the boson peak by plotting the reduced 
vibrational density of states g(ω)/ω2, as shown in Fig.14. They 
found that all atoms participate in the low-frequency 
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vibrations close to the boson peak, but the contribution of 
each atom to the boson peak strongly depends on the local 
SRO. They conducted an atomic-scale analysis based on the 
orientation order, which was defined as a vector pointing from 
the center of each atom to the farthest vertex of its 
coordination polyhedron. They also found that the orientation 
order is the most probable direction of transverse vibrations at 
low frequencies. It turns out that the magnitude (length) of the 
orientation order determines the boson peak intensity, and its 
spatial distribution produces the quasi-localized modes of the 
boson peak. Hu et al[142] studied the microscopic origin of the 
boson peak with MD simulations by calculating the 
longitudinal and transverse dynamic structure factors over a 
wide range of frequencies. They showed that the boson peak 
originated from quasi-localized vibrations of string-like 
dynamical defects, which are coupled with transverse 
phonons. As shown in Fig.15[22], quasi-localized modes, such 
as four-leaf patterns, string- and ring-like patterns, and more 
localized featureless patterns, can be observed. Furthermore, 
these dynamical defects provide a common structural origin 
for the three most fundamental dynamic modes of glassy 
systems: the boson peak, fast β relaxation, and slow structural 
relaxation. Similar features originating from phonon softening 
mechanisms have been observed in strained glasses using MC 
simulations to produce aged glasses, combined with MD to 
anneal the glasses at specified temperatures[143].
4.3  Viscoelasticity and dynamical heterogeneities 

It is evident that one of the most striking aspects of atomic 
simulations is to detect the dynamical processes and the 
structural features at the atomic scale and to establish a 
connection between atomic mechanism and macroscopic 

phenomena. In this case, this kind of simulations can provide 
a link between the microscopic dynamics and macroscopic 
quantities or properties. For example, viscoelasticity is related 
to dynamical relaxations in MGs, and it can be characterized 
by the dynamic moduli. A fundamental question is: what 
determines viscoelasticity and dynamic moduli in glassy 
materials? Yu et al[144] addressed this issue by performing MD 
simulations of DMS on Ni80P20 MG. They conducted a structural 
analysis based on atomic displacements and calculated the 
probability density function of the atomic displacements. This 
probability density evolves with temperature, and it increases 
with temperature. They found the temperature dependence of 
the peak position, and the dynamic moduli are very similar, so 
these two quantities are intrinsically correlated. Additionally, 
systems with the same values of the dynamic moduli can 
show different dynamical heterogeneities, which is related to 
the large-displacement tail of the probability density function, 
i. e., the fast-moving atoms. They concluded that in spite of 
these structural differences, the dynamic moduli are primarily 
determined by the most probable value of the atomic displace-
ments rather than the dynamical heterogeneities induced by 
the faster atoms. Yu et al[53] investigated the atomic mechan-
isms of internal friction in Cu65Zr35 MG. By monitoring the 
distribution function of atomic displacements, they established 
a correlation between internal friction and the concentration of 
faster atoms, thus suggesting that the internal friction, at 
variance with the dynamic moduli, is well affected by the 
dynamical heterogeneities. The fastest atoms tend to form 
clusters and act as cooperative excitations, triggering neighboring 
atoms in an intermittent stochastic state. Furthermore, they 
provided evidence that faster atoms are anti-correlated with 
the atoms with full icosahedral symmetry. This finding is in 
agreement with the results in Ref.[86], which reported that the 
atomistic processes are responsible for viscoelasticity. By 
performing MD simulations of DMS on Cu64Zr36 MG, they 
showed that the spatial distribution of slow atoms matches 
quite well with that of atoms belonging to icosahedral clusters, 
as shown in Fig. 16. In fact, Cu-centered full icosahedra 
clusters are rather stable and have a low atomic mobility, 
contributing to the stored elastic energy during a loading 
cycle. Besides, the viscoelastic component arises because the 
atoms with higher mobility undergo irreversible inelastic dis-
placements, and thus contribute to the dissipated energy. 
Additionally, DMS was simulated under different loading 
conditions, and it was found that different elastic moduli have 
very contrasted dynamical behavior, but they satisfy the dynamic
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correspondence principle. An example of DMS spectrum 
obtained with MD simulations at different frequencies for a given 
loading condition (constant volume) is presented in Fig.17[86].

Furthermore, several studies of dynamical relaxations in 
glasses have assessed that the presence of slow β relaxation is 
indicative of dynamical heterogeneities in the glass[16]. A 
thorough insight of dynamical heterogeneities at the atomic 
scale is very challenging from the experimental point of view. 
To overcome this restriction, atomistic simulations have been 
conducted to unravel the basic mechanisms of dynamical 
heterogeneities and to establish a link between the local 
structure and the macroscopic properties. The local structure 
of MGs contains both chemically and topologically favorable 
configurations and geometrically unfavored motifs[83,145–147]. 

Local motifs, such as icosahedra, form the SRO and the 
medium-range order, and they constitute a rigid backbone 
with a dense packing in the glassy matrix, while unfavored 
motifs are characterized by a loose packing. Li et al[148] used 
RMC method to generate reliable three-dimensional atomic 
structures for Cu50Zr50 and Cu35Zr65 MGs to match the structure 
factor of X-ray diffraction experiments. They found that the 
glass systems consist of a string-like backbone network 
formed by icosahedral clusters and a liquid-like structure 
filling in the remaining space. Hu et al[149] performed MD 
simulations combining iso-configuration ensemble and atomic 
pinning methods in order to probe the dynamical 
heterogeneities in Cu50Zr50 MG. Through the map of the non-
affine displacement in a slice of the sample (Fig. 18), flow 
units characterized by larger non-affine displacements can be 
clearly distinguished in the elastic matrix, indicating the 
emergence of dynamical heterogeneity in the elastic regime. 
Thus, the structure of MG is intrinsically inhomogeneous with 
local soft spots that are prone to plastic deformation. Since β 
relaxation is linked to the activation of STZs, MGs with 
prominent β relaxation will be characterized by heterogeneous 
structures with more liquid-like zones. Fujita et al[150] 
performed MD simulations to investigate the mechanical 
behavior of Cu45Zr45Ag10 MG subjected to iteration 
deformation in a nominally elastic region. It was found that 
cyclic deformation leads to the formation of irreversible STZs 
and a permanent uniform strain. The initiation of STZs is 
directly correlated with the atomic heterogeneity of MG, and 
the accumulated permanent strain has a linear relation with the 
number of STZs. Moreover, the structural heterogeneity 
strongly affects the formation of STZs, since the Ag-poor 
regions are more resistant to shear, while the Ag-rich regions 
with looser atomic packing have weaker shear resistance to 
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the initiation of STZs. Fujita et al[151] also performed extensive 
MD simulations to compare two model systems, a binary 
alloy (Cu50Zr50) and a ternary alloy (Cu45Zr45Ag10). They 
observed that the relaxation dynamics (probed by SISF) is 
very similar to that of the other two systems, and the α 
relaxation time was comparable. Besides, the Cu45Zr45Ag10 
system has higher glass-forming ability. Their results reveal a 
strong correlation between dynamic heterogeneity and 
chemical SRO for this ternary alloy. In fact, by the addition of 
Ag, the atomic motion becomes less cooperative in the ternary 
alloy, strongly increasing the dynamic heterogeneity. 
Interestingly, an intrinsic correlation between the chemical 
and dynamic heterogeneities manifests itself through a spatial 
partitioning in space between the region rich in Cu atoms 
(with higher short-range icosahedral order and slow 
dynamics) and the region rich in Ag atoms (with faster 
dynamics). Fig. 19 shows the isosurfaces of slow-dynamics

regions with small atomic displacements and fast-dynamics 
regions with larger atomic displacements. In Fig.19, Cu atoms 
are sorted into 20 groups in the increasing order of their 
displacement. In each group, the percentage of the full 
icosahedra and the number of coordinated Ag atoms are 
plotted with 3D mean-square displacement map of all atoms 
based on propensity motion for a long time, as shown in 
Fig.19a. 3D map in Fig.19b shows both isosurfaces of slow-
dynamics regions and distribution of Ag atoms (balls). The 
cube has the dimensions of 5.3 nm×5.3 nm×5.3 nm; the color 
bars show the range from fast (top) to slow (bottom) 
dynamics. According to Fig. 19b, it is clear that the slow-
dynamics regions are poor of Ag atoms, confirming the 
correlation between dynamic heterogeneity and chemical 
inhomogeneity. Moreover, this spatial partitioning due to the 
addition of Ag atoms can delay the crystallization kinetics and 
thus improve the glass-forming ability.

Key results of atomistic simulations for pure MGs have 
already been demonstrated, but glass composites are often 
considered in practice. In fact, glass composites with a 
crystalline phase embedded in a glassy matrix generally can 

keep a tensile strength while improving ductility by delaying 
brittle fracture. Ref. [152] showed that dynamical relaxations 
and dynamic moduli exhibit a remarkably complex behavior, 
depending on the spatial distribution of the microstructural 
heterogeneities and loading conditions in a non-trivial manner, 
particularly for the loss modulus. This study revealed some 
fundamental structural and dynamic conditions for the 
occurrence of energy dissipation in pure and composite MGs, 
namely the existence of structural heterogeneity and local 
shear deformation, resulting in atomic shear motion between 
regions with different moduli.

55  Conclusions and Future Directions   Conclusions and Future Directions 

Numerical simulations have emerged as an indispensable 
tool to investigate the dynamical relaxations in MGs. By 
employing techniques, such as MD and MC methods, 
researchers have gained valuable insights into the mechanisms 
governing primary and secondary relaxation processes, 
providing a link between dynamical relaxations and structural 
heterogeneities in MGs. In spite of the progress, challenges 
remain, particularly in bridging timescale and developing 
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robust interatomic potentials and eventually hybrid 
approaches. In the future, how to integrate experimental and 
computational approaches along with advancements in 
machine learning will be crucial for investigating the full 
potential of MGs in various applications. Some hints for 
future directions are proposed in this review, as well as the 
perspectives in the use of numerical simulations for 
elucidating the unresolved issues related to the understanding 
of dynamical relaxation processes in MGs.
(1)  Extending timescale

The main drawback of atomistic simulations (particularly 
MD) is the inability to describe phenomena over the time 
exceeding a few hundreds of nanoseconds. SMC method is 
one of the possible routes to extend this timescale up to tens 
of microseconds. MD simulations with metadynamics have 
been rarely used to study relaxation phenomena[15], even if 
accelerated MD techniques are in principle available[93,153]. 
From this perspective, it is of primary importance to further 
extend the accessible timescale, since long-time dynamics is 
not just an extension of the existing one. Different features 
and phenomena can appear at longer timescale.
(2)  Multiscale modeling 

Atomistic simulations can describe relaxation phenomena 
at the atomic level, accessing the elementary mechanisms and 
dynamical processes at the atomic scale. Nevertheless, the 
link between these atomic-level relaxation processes and 
experimentally observed dynamical relaxation is still elusive. 
In order to bridge this gap, multiscale simulations can be 
conducted by integrating MD with continuum mechanics or 
finite element models, or using coarse-grained modeling to 
study large-scale systems. Mesoscale models, such as phase-
field or kinetic field theories, can also be applied to capture 
intermediate phenomena.
(3)  Establishing a correlation between the glass structure and 

the atomic motions for relaxation dynamics 

Dynamical relaxations are determined by characteristic 
types of atomic motions and structural rearrangements. 
However, the link between these atomic motions and the 
surrounding glass structure is not completely clear yet. 
Atomistic simulations should be used to investigate these 
connections.
(4)  Effect of chemical composition on dynamical relaxations 

MGs with different chemical composition display various 
dynamical and mechanical properties. Particularly, the effect 
of chemical composition on dynamical relaxations is not well 
understood. In principle, ab-initio calculation is an appropriate 
tool to investigate the effect of the composition at the atomic 
scale, but it is restricted in size and time. MD simulations 
have less severe restrictions in time and size, but they rely on 
the choice of the interatomic potentials. A promising approach 
is to use the machine learning (ML) approaches to access 
longer timescale and larger system size.
(5)  Incorporating ML 

ML techniques can be useful to develop more accurate and 
computationally efficient potentials, such as the neural 

network potentials[154], and to speed up the MD simulations[155]. 
ML can serve to identify relaxation pathways, predict aging/
rejuvenation behavior, and optimize material properties. 
Moreover, large datasets from simulations can be analyzed by 
ML to extract meaningful patterns related to relaxation and 
deformation[156].
(6)  Understanding dynamical heterogeneities 

In spite of the progress made by atomic-scale simulations to 
describe the structural features of dynamical heterogeneities, 
the link between slow dynamical relaxations and dynamical 
heterogeneity is still a matter of debate. A closer 
understanding of the microscopic origins of the dynamical 
heterogeneity should be gained by developing appropriate 
analysis methods of the local glass structure coupled with the 
relaxation dynamics. ML approaches can also help to identify 
the correlations between structural features and relaxation 
patterns.
(7)  Developing a unified theory of relaxation processes 

Numerical simulations have shed light on some essential 
basic atomic processes responsible for mechanical relaxations. 
However, a unifying theoretical framework to describe 
relaxation phenomena is still lacking. A fundamental 
mechanism accounting for various relaxation processes in 
MGs has not been established yet. But a unified principle 
governing diverse dynamical processes across different 
disordered materials has been proposed on the basis of a 
global order parameter, namely the inherent structure minimal 
displacement, to quantify the variability of configurations by a 
pattern-matching technique[157].

In conclusion, enormous progress has been achieved by 
numerical simulations concerning the understanding of the 
relaxation processes in MGs as well as the relation between 
structural characteristics and dynamic and mechanical 
properties. Due to the complexity of the behavior of glassy 
materials, numerical simulations still have to face many 
challenges to describe dynamical phenomena over a wider 
time and length scales, in order to provide more profound 
insights into the unique dynamics of these systems.
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金属玻璃动态弛豫的数值模拟综述

Claudio Fusco

(法国国家科学研究中心  里昂大学  里昂国立应用科学学院  材料实验室，法国  里昂  69100)

摘 要：金属玻璃是一种具有卓越力学性能的独特材料，其特性包括高强度、优异耐腐蚀性能以及高弹性。这些材料具有独特的动态弛

豫过程，影响其力学性能和热性能。理解金属玻璃的动态弛豫过程对在不同应用中的性能优化至关重要。由于实验技术的限制无法直接

观察到原子层面的过程，导致无法轻易获得负责动态弛豫的详细机制。数值模拟是分析原子尺度上基本动态过程的有效方法，能够捕捉

动态弛豫的根本起源。计算技术的发展使研究人员在理解金属玻璃中动态弛豫背后的物理机制方面取得了巨大的进步。本文简要概述了

金属玻璃动态弛豫数值模拟研究的现状，重点介绍了关键方法、重要发现、当前面临的挑战以及未来的发展方向。通过综述当前的研究

成果，强调了在众多应用中，数值模拟对于改进金属玻璃（从结构材料到高性能部件）的设计和加工的重要性。
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